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. that 4 was a solution, that is “a member of the truth set
‘Then we Showed that- any number different from oy could not

“‘\be a solution of ‘the equation. Together, what dia these two

Ememgle*lu "3 4X = 7 (Section 2 - 8) By*gueseing;\we’found‘

3+4x = T and x =) have the same. trnth set°

e (. Chapter 1o.

‘ Truth Sets of Open Sentences‘

‘ ld‘-'i “gpivalent open sentences Let us recell some

A ]

| open sentences whose truth sets ‘we found in earlier chapters - .

. - . Ad : ‘ R .
. ‘ Vs : * -

statements pro!e about tée truth set of the equat.’mr:\'> Do

\3 f

‘:ExaméléHE.‘ 3xi+ T \= x“+ 15 (Seetion 6 - 5) Here we used the

addition and mnltiplication -propertcles . of equality to show that

\\every solution of 3%+ 7 = X 4 15 is a solution of 2x = \8\:\'“: ¥
‘and every solution of 2x = 8 is a solut&on of x :e~\i_, o ,f

~ Since ﬂne solution\of x ='4 obviously 1s ; we knew that the v

\pon}y possible solution of 3% + 7 <k‘l5 13 h Can we i Y

I;wa gan we determine the truth et of the eqnation° Can you

’ . [ 4 . - N N . . .
- truth'set? = . ° f~ e e ‘

therefore say that 4 - 1s a solution of the original eqnation?

e;cpllain why 3x + 7 "x + 15 and x =bh have the \same' - )

- »

In uprking with Example 1 we used .some ggfsswork in
Example 2, gueésing was. eliminated by finding & mnch eimpler

\;equation, X = 4 . that has two advantages- ié; truth set is eaey B

L to see, and its ézuth set 6ontains every eolution of : - \‘3:3
\\Bx + 7 ‘=.\x t;15 . On the other‘hand, either:by\sterting S
' : S . _ e
N N - i‘ ) 6 ) . .
t". s
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‘}‘ ’\_~ with\ ~\"“ and WOrking backwards, or by substituting A into
°- 3x + 7 = X + 15 s we find that every solution of X = y 1s a-

\; Ta so%ution of 3x + 7= x + %5 . Thus the two equations have S

h

-exactly the same ‘truth, set and the truth set of Sx + 7’~ X + 15 j.
\consists of exactly- the one number } .?\ '

S Is this reverse argument necessary° If we byild from ‘

v

. \‘
our original equation a new simple equation, can we always be
\ . sure that the new truth set 13 exactly the truth set of the
R 7 :
T original° In all eur example§’so far, the new truth set has been
,“fhe same as the original Let us try a new example . \‘*; ‘
Exam;ele . \/~+ 2 = x‘. oL R . ‘ \ o
| fi“t; T IF x is aﬁy numbey fof\whicﬁ\the‘equetien_is‘true;. v ‘
‘ then \‘ . R ‘\ . | ‘ s . o » oo - \\ ‘w-\‘
.t | T =.-. x _\2 , h ~ - . (Why'-’) ‘j ‘ o . F_,
. = (x-2)%, Coe By sqnaring both ‘ o
= X - e h, ; (Why°)
. SN A -
£ X 2»5):-!-4‘ o ‘ (Wh;v?)_
= (x - ¥)(x - 1) . R (Why">)~~

"Taus every solution ofw\/"'+°2 = X 18’ a solution of

€’ ,

o o ® x

oﬁ‘.; (x = B)(x - 1) The trut;h get of this last equation :'Ls SRR

(l h} : give reasons for this May we autométically assume

zif
then, that\ {1 h] is the truth setspf the. original equation’ »

FUUUR S o e e ST R e e

“What is the truth set- of the original equation? Apparently the

L last truth set 1s not ﬁhe same as ﬁhe truth set of the erig;nal ‘ ‘
o aquation. ) . e . . R

Exercises 10 - la #In each part of each of the following nine o ‘\ai
..problems a pair of equations 1s given Show that every solut cmal




cve SN o 10—1\.3\.\
‘of the first aqua,tion is & solution 01 the second equation, noting

‘Qat each step what' you have done (for example, adcled -¥ to each

4 S
side, or mult«lplied each side by 2, or sqx@red both sides, ete. ) ‘ S
- ‘Then see iffby reversing your steps (adding 4 to each’ side, ‘ | o
7’; 'multiplying by ? ,~ eto ), you can~ show that every solution oi‘ the
o second equation mus‘c be a solution of the’first It npt try to
" find a solution of the second which is not a:solution of the firs‘c’
1. (a) ¥ - 2 ‘.\‘;..‘,10\; - Ne 6. - \
\  {b) .-2x¢ = 6 ’ x = \_§ . \“; \L" : | S - .
- (a~)~“12x+5 = “:Lo"f;. 3 Ak = 5. - L
3. (a)\\.x?_ - b =f’,0 5 (x - 2)(x +2) = 0., ;\ L
S L) (xe2)(xw2) = 0 £ -2 = 0. s
" ll (a) x = 3 \XE; - . . \ ’
.. _ ~ (b)\\xg ":‘ 32&::()%-»}’3) - 0. o ‘.
Y S o 2
| \\6. x6-hx5+x F1 = O;‘ (x6 .-.-his‘-l-x 0 . ‘
o/l s 2oy, o
8.0 x %% .3 - Yyex;158., 0 s
S ERE s AT TECE I L e
- e ‘ Lo ‘ S 3 ‘
;Lw:‘a ~ | There seems to »bo a fundamental dif'i‘erence betweeh | o
Lo Example 2 and Example 3 In Example 2 the original equation and
the final equation, ‘X = 1& have exactly the same tmth se’c in - ‘ . = :
Example 3 the orig:l:nal and the i‘ina]. equa‘ciona\do no‘c have th? . ;} ,

N o
same ’cruth se‘c Thus 51 when Ve change equations ,a@ometimes the ‘

truth set 1s changed. .But suppose wo \\know ways of changing . "
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sentences S0 as always to leave the truth eets unchanged Then

-

'

we could use the following short and correct procedure for \ U

»  finding the truth set of a sentenqe Change the sentenoe to

tsimpler sentences at'each step being sure that" the method for‘

"« that ssep has left the truth set unchanged *Keeg.this ;E_until we

get a. Sentence whose truth set is obvioue This trnth set is then

. i the truth set of the orig;nal sentence | "L S \\:\‘ .
N e ’ h : )
SR o Thus ne want to concentrate on. how to change e,sentence \ Vo

T to a fiew sentence in such a way that - the ﬁruth se; remains the

_same. We give a name "to eentbnces related this way.

- . h B -
. e M -

A

‘ {~\n o Tko sentences with the same- truth set S )
k\ ‘: \"‘ | :\\ . ¥§ H are. said to be eguivalent | . S B ;5‘ | i;‘
\~fl'~ n ;‘ . fhe question n0w Is: What\operations can we perﬂprm on |
| “'an equation that will yield an eqnivalent equation9 ‘ "\ : ; |
g - For & clue et ws 1oog‘§$ Example- 2 more closely ‘Enery;ﬁ?¥\~<;§
eolutlon of 3x + T = X + 15 is a solution of X =\§ because \i |

. e added the real number (-x - 7) to both sides of
3%+ T = X % 15 and then multiplied both sides by the non-zero

real number‘s% (Is ft certain that i(-x - 7) is a real number

- for‘egggg real number x ?) B \‘, 5".~¢‘.~
\? v Now that we know that the truth. set of 3x + 7 x'+ 15 X
ﬁ?:““@;wfie a nubeet of .the. truth‘eet ofwwi‘= T, we are et;e‘crucial o T
{f‘ X point Do e know tnat these two equations are equivalent9 No,"\:e" ‘g%i
e\ 2\ foﬁ-we have npt proved tnat these trutn sets are identioal' ~ j
.o pe;naps the new trutn set is larger than the old (remember that C -
J : -',, ;0 ;»‘ e, sl
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‘: 1n Example 3 we performed an operation which did make the truth

- - J
N - . R N R -~

9\ El N

set larger) o . . -

&%
To be sure ‘that the truth set has not 1ncreaaed we have‘

tq}be able t8 go\backwdrds too, and“show that any solution of the‘ ‘
wlast equation is a solution of $@p first What must we de to . | |
= 4 to go back to WX+ 7 = X + 15 ? Ybu see that every \; | A\Q{f
solution of X = #i_is a 801ut16n of 3x + T = X‘+ 15 because *;.
we may multiply both sides of x = 4 by the non-zero real number “ ;
2 (the reciprocal of'g) and theh add to\both sides the real’ .
\i number X + 7 (phe opposite of (-x - 7) ; Now‘if every solution
" “of\\ax + 7 = x + 15 “ds-a solution of x = 3 and. svery golution .
bf‘\x =1 is a solution of BX 4T =X + 15 ’. they have  -j\3' .
1dent1ca1 truth sets, that is, they are equivalgnt equgticqg;; )
Exercises 10 | o \\ | . T . = ‘\~..\ o %Qé
" vgf. Using your work on the pairs of eQuation; 1n Exercisee |  : ﬁf f, ‘i§
§ 10 - la, 1ist those pairs that are.equivalent o . -
2.' Using your work in Problem 1 or in Exeééisis 10 - la, find - -
| out 1f each of the following pairs of eéhations are equivalemm"’ ;f
(a) & ...‘2x = 10 ; x -3 . e T Y .
(b) 12x + 5‘ - lQ ?‘ 3;: ; xﬁ-é%- \_: ~ | } \ ' | o \
.ffk)“;xg S ; X =\éh oy kj;‘-e :q; N | , | aé",f%
, @) xa3; ;:(x -3) =0 0 R
| (e) x - 1 0_; ‘ 2 :l*;O“ N ’__%*_H_ ‘4.\‘@‘\ \: \ ‘
SO RTERSICHEI RN P R N
; . \‘(‘8) h}J -1 ;\xg =1 . - . ‘ “';
LI . i . N
. ' . xi§~*;3§.ﬁ : ‘ v ! ﬁigs | Lt
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) o‘ N . . ’ o \
3. Using your work in Problem 2, finq the truth sets of the v
following equations. B ' ‘ C e ‘
2 o (a) - \‘= iO N : < o s .
(b) *12x + 5. = 10 - 3x' IR s
)E’ . (C) 3}? - ll' = 03’. \ N -7 '
T (@) x(x-3) = 0
(ed x* -1 = 0 ‘ . St ,
. » - \ '-\ e . ~ . ..
() Ixl = 2... A

. Ars you sure in each case you have found jghe truth s?m{ exactlx'?

) ﬁ\lt.\ .Often we can simplify one .or both sides of‘ a sentence., - What i
" kinds of algebraic simplification -wil;i. yield équivalent . ‘ *i'fa
| sentences" Consider combining ter}ns. Are - ; |
x - 2= le + & =‘ 0 and\ -X 4 = 0 equivalen’c? COn...

L ]

1 -, s
' slder. factoring.\ Are xa‘; B +6 = 0 and

.o . . 2 . - »
: ’ ’ (% - 3)(x - 2) g ‘Q ‘equivalent? Are ;—-----2»-"x -~ S 4 “and . .
‘ X + 2 = li equivalen’c? CoL | B o 3 R ,

»

| “ In werk:l.ng wilth the equaftion Sx 1» 7 = "X 4 1‘5‘;,_ we -
 added (-x - 7) to both sides, Notice that we could do this |
~1fr:t‘t;h confidence \becausé: (.-x —f))e is a real number fo:r: ievery ~

value of x ., What 1f we began with the equation X = 2 an\d‘ S

~

added i"%"’é to both sides'> 'J.jhe new equation .

R . N

"has* :l.i:é t‘ruth‘ s‘e‘é\"\e‘mpty, wherea‘s“’c}\e 5quat1¢;; X.= 2 has th;* ‘
truth set (2] t(recaii Pro‘bl—em_ig_in i‘.xefcises 10 - 1a). In .
| changing our equation we lost the 'solution 2. The t.rouble here

, \13 that, for some value of‘\ X, mﬁs not a real number. | .




‘f!\
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‘Which Value of b'd 13 the\culprit9 If we are tempted to, add T ;¥;«;f 3

such an express:.gn t.o both sides- of a sentence, or mpltiply each

set {1, 2} , whereas, the former has- the\truth s.et {1} ‘When we\ L w

_the truth set will not Shrink (no Solutions will be 1csﬁ7’ pro-

vided the expression represeﬁts a real number for every real

value O for some 'x , the truth set may get lavger, as 1t did

\expression whicn represents a. real number for. every real number \

~value of the variable. A real number, such as- 4 , is automati-

‘us say ’ch-at 3 nevernzero real express"ion 1s L reéil eXpression
. which 1s never 0 for any value of var:!;able. We know that o N
(x + 7) 1s a real expression, “but. 1::? & anever-—zero rea‘l
‘expressign" Why" Is y |
‘ real expression? tHow about 1 - le? -\/%" ? Is the apposite of a

\real expression also a’ real e:xpressi&lg Is the rec:l.procal of a o

o . . . L

LN . . v . N N .
N R
N N . N NI ‘
- . . . R . no NS N M ™o > NI
\ - \ A
. NS PN R N . - N .
. . . .
. X Yoo ey

':ir ..

Ca e

 side by 11; We may ILose a solution as we did in the present . .
:example In this Qourse we should ri“ever perform on a sentence } 3

- Ll

T an opera‘cion that might lose members’ of‘ 1ts truth se‘c & Solutiohs

£

lost ‘by auch operaticjps are seldom found again \
A In Example 2 we mul’ciplied both sides of ’che equation o )

| by-g . What happens 1F we multiply both sides of % = 1 o 0 -,

. . .
L hd

‘ by X - 2 2 The new equation (x - l)(x " 2) =. O has “the truth

RN

choose tc multiply both sid‘ of a sentence by ﬁ expressiorh,,, e

D

number- value of the variable. But if the vexpx"gas‘sion has the - .

in this example. L

Let % use *the name reab},expression ‘b/o denote an " . ;\ v

3 —r

cally a i:'eal éx‘pression. Why :L._ (x + 7) -a‘real expression"

‘e » . REEN

Explain why -»-—-7_, fis not a real expression., Furthermore, let

R s A s e s et L s M e e e e e

4
-

. "

-

~

2 -+ 1 & real expreasion? A never—-zero



Coe

4,

L

NN

. ?1»3'?‘;1* . ‘ ) . . . *~‘ . |
0 :'f’;E . : | -%ﬁ@\ R . ;
never-zero real expressidhﬂklso a never-zero real expression°: 
“ {f:sg' Now we~are ready ta s‘ate the opera%ibns on equations~
- hich yield 9quivalent equations-‘ - -f: L o . ;4‘:f
<~ - -
f;{f‘-:"\“ If the same real expr@sSion is added to both
: *fifl;~ﬂ‘  sides of an eqpatian or 1f bath sides are multiplied )
\“11;   { ; by thg same never-zero real express¢o 'the g
v N resulting e;;ation is equivalent to thigdriginal. ‘ ‘\5‘ 
’ ' ?} i”\ ‘ » Now that we know some operations on\an equation that

N . v‘\n

will yield equivalent equations we' can state our main\

procedure for finding the t}uth set of an equation.«

N ~ - N
N N » - »
, : )

Starting with the equation whose solutions are to be

A

fouﬁa build a chain of equations that. ends 1n a" simple-equation T

&
whose truth set 13 obv1ous Be sure that ed&p.new eqnationfin

v

the chain is. got either by adding the same real. expression ta -:

-

both 31des of the preceding equation, or by multiplying both

\ sides of the preceding equation by the same never“zero real

3
expressioﬁ NThe truth set of the final simple eqnation 18 the

?

truth set of the original equation.\

.
3

with this method the truth set of 3x + 7 X 415

(ﬁxn,lna‘jkzuzui\ljjga tggLs_Ar‘.°*N;\\WWH,;,A\V;?\W?;‘ - W;t;wuw HUL,W-::ML»:;Tt;UQ*MW:_;
3x+7; % 15 S o
\ o w (by adding the real expression (-x - 7) to
both sides) D \‘~\‘ 1‘;‘ f




X = b (by‘multiplying both Sides byt the real

. i ’ .‘ X . vexpression‘?) “, '\\f\‘f . c ;\'

»
'

' RN AR o
: The bruth set of X =4 “is {h} Therefore wW&.truth set of e
3x-+7 - x4+15 s (4] . &\ o L

»

. As another %#ample, 1et us see how this works with a
more complicated equation.‘\ .

. . : N \ ) R . ‘2 .
. o » . X ~
. Exgmgie h.‘ Solve % =

A ‘ X + 1

N v . . R

5(we'u§e°“301ve to mean "find.the. truth

) Lo

» -

t of" ) Multiplying _ f}‘
} - both sides by the neverazero real expression Q(X + 1), we f

© obtain the equivalent equation . L B
oL 2::2/~ = x2 1. (Give reasons. ) o o
;}« 3 Adding the real expreSsicn (nx - l) to both sides -of this v -

‘ equation, we have the equivalent equatién 1f~1 ~- R
. L 2 -1 = :O ‘ Co

tos

This final equation, and hence the original equation, has. the |
truth set {2, -1} Why? o »"

- ‘ !

‘»; ‘ Let us recall what happens when we multiply both sides - ‘\j
of an equation by a real expression. If the real expresaion is SRR i
never~zero, the new equation 13 equivalent to the old>and i‘ ;
. has the same truth set Ir we tq}nk (or if we know) ‘that the »\~1‘Rj‘\
- expngssioaé;hy
/ that every aolution of the first equation is 2, solution of the

be 0 for some value Qf x,Athe best»we-eannsaymi& wmw¥f4%

& second and that the secbnd may have solutions that are not

- solutions of the first Neverthelgsa this 1is enough to-give us L ?.xﬁf

N - -
& . . N

anothar mathod for finding the Eruth set of an equation, as | e A




" 'follows., Multiply both sides of the original equation by some <

‘the new equation, Test‘eecn‘memben of"the’new tfuth*seé by

. N K . ) LN . N o
- - -
B PN - . .

0.1 - - Casw. T

real expression, choosing the. eXpression S0 that the new equation o

1s one whose\truth\set you can find. Then find the‘truth set of"

’, ]

substituting-itxin tne original eduation. Those’ that give true .

\numerical sentences form thé truth set’ of the first equation.

3

Our edarlier example, X+ i"f"ﬁ 2 +“§"T”§ s can ve'
handled this way if we multiply by the real express‘io‘n x -2 RN
'I'he' n‘ew equation is :i(x - 2)'~+~l = 2(x - 2)\+ 1. ‘We have to\ ‘

" find the solutions of’this equation and?test eaeh one in the

original equation The way to find the solutions of the new

W

‘Exercises 10 - le. e o i‘

equation is to follow our' main procedure building a chain of

\ . .‘gw. . . ) .. .
‘eQuivalent equations S o T
| x(x - 2)~+ l = Q(x - 2) + l " . B |
| x(x - 2) ‘ a(x -2), (How°)
o x(x - 2) - Q(x -oe) = ?6 - (Adding what real
: s S R expression9) o e T
x - 2)(x - 2) =j.d\;‘\ h (How”)

\:The last equation obviously has [2] for its truth set 80 the f\

\new equation has 2 for its only solution When we test 2 in

the original equation the expression F§~—~§ occeurs and is not a

number, Thus 2 is not a solution of the first equation, henee,l

,;.

?fthe equation*nas~an“empty*truth*set i - —

»

?~, -

N ;.
- t >

‘l.‘_ Identify each of the following expressions as befhg one or




. \ \ \ . . \ \ B!
S : n e e v ; 4,
v o v . o “ 385“ i \ C 10 - 1 i
2 .0 ) / \ 2. . ~ . . ‘ )
vl these three- ‘Not real .real and some;imes zero, never-zero -

. . N - 9 N » . »

L real. Explain the reasons for your dectston, . s Ff
@ RBemes () SR

S 5 oo T xS - o Lol
Yy el - gy ERed e

) : x5 41
(@ . vE%T . @) -3 L \\?r‘,‘

o) ek k)

Sl ) 9;"*% o
2. For each of the following paire of Sentencee, detenminep B o
\;s;f L whether or not the palr are equivalent Ybu can prove a palr l
. are equivalent by beginning with either sentence and applying ) FREN
operations that yield equivalent sentenqes until you arrive - B ‘\‘;
, at the other sentence of the pair., If you think Qhey are not \
| equivalent, try to prove it vy finding a nnmber that is in the~il \‘]ﬁf
truth set of one, but not in the truth set of the other. ‘ |

o, \ . B * ) ” : o . . ’ .‘ “‘

D (‘?L 55 - 3 1‘2 T B2 L T
- {e) 58 - h Z 3 4+ 8 AR TR ‘

s

- > e

(&) 'exa $% = 200 3‘: . | |
(f)j3x+9- % = 7x..12 o Lax 7 .

-

s =6
;;\,  * CA{8) T8 - 5s~==‘12 5;\~ Y ﬁé - ng ;f,!\;:\fk;\i_ f;\1f§n;
| = \ P -

7oA
P '}i,;' [ ’
LIPLINAT R P-4 SN ST I L)

S . ‘ N




i | .. ‘: \ ) . : \ . ‘ R ‘ - ] | W . . . . R : { k. |
g 1(«) _,1 S | o 386 | L . v
i . Y. \ 2\\“\‘ . ‘ - ~. ‘ . ,‘ ,q \ » N ‘: ) -
o ‘i) =372 5.1 o 1= ‘X-x.ev L o
o .: “ ‘ ‘ . * ~ \" > '-; 1 ,: ’ ) N . : N - N ‘\"‘-‘* . N > N ‘\‘

3 . 1 ® - : - = . 1 ) .
g‘yﬁ-—gy R N \scwue) ST ey
. ‘ o - . : ' S : R AR

"}'l.)= EX | P (X- 1)2 = *O\\ T
| X

-

t
Load
it

-‘ﬁlk B ; ‘ ‘X"‘l’ = 1 ) e Gt
» » N .

‘\(1)“-------=~" 22 270 0 o o xfes o0 0 s T e
+ 5. ‘ S e . I g N

D -

-l

*

© N (m)

+1 =0 lv-1] = 1 %
‘\ \(‘n)" -l<t <3

LN
"lt“ ‘l'l { 2‘ | i

s

o ‘ . ‘ : ‘\

3. Change each o:f‘ the fo],lowing to a simpler equivalent equation' ‘
S (a) y N 23 3 (d) —_ ‘ES AR e
I ()~ %x =‘ ‘ . (e) ~‘x(_x~, + :‘L) = 2):2 + 2,

- (e) 6% _* 7. o (1‘5 ‘“a(lfvi\a-\l)\*% lyl+a . k'

'

,‘~ “} AL Solve \ (that is, find the truth set of), ir possible' .

| ! (a) 11t + 21 = ~32 ‘(8‘)\ %’- + %+ o |

z . (h). \l’x*3/2 ~:\-"=‘~ |

S BF = 3‘3:‘ (1) xll Fx241 5
PO, ) } \y%*+y3+y2~+y+layh~y3+y2-y+1
(e) s -6 = 68 ) 2 ‘ N

L \\“ ) s C . \ . . 2 W RN i . a . . . k

) s -6 e ses (K xTFE e x SR

o
e o,
ot N
1 L &
® g
T

[

-3 4
B - o
bt:
o

3

S

NONESIE

Can

%
‘el o
H

't ,
;

" ,

@

.

s ETeL T qe) 18+ 3w

¥

Hby

,.
-
&
~3
1 3
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-6, ‘Show‘that any paif‘df’numbers (x y) ?or which either one )

~ of the eqnations-3x + 18 = y + 22? y & 3x- 5 is true

¥

) isQaIso a pair for whieh the other is true What kthen, is

o

the' rela ion. between the set of all solution pairs of the*\
fiprst equation and the set Jof all éolution pairs of mhe :

“second°‘ o , \ »\\ .
~ R | - S

bx -9 R

’" .o

7. Show that- the e%yéggbns hx ;«gy\~# 6 and y
. ape éqﬁivalént}‘ . f; o I T e
o : » ® . : \ ‘ . \ . \ . . . -

“8. | Find the'dfmensions of a rectangle whose*perimeter is 30\\

*1nches and whose area is 54 square 1nches. o m §

| 9. Find tbree sucqessive integers such that the sum of their. o .-0‘?3
R \squares“is\ 61 o , |

*16;‘ For an expression in one va?iable the set. of values of the

5*", ﬂsgﬁ‘;-~var1sble for which ‘the expression represents a real number is .
| \called the domain (or universe) of the expression. What 1s a h
N  the domain of a reaI expression? Determine the domain or .
: ~ each of the expressions of problem 1. _; ~; A
a : . g . . . SN A

10 - 2. __guivalent sentences~ ;'Lmz:qt:ts.:l.:l‘t;ier!f If a sentence ‘ ?

involves one of the relations "t o, St ﬁg"\, S, we call'it RS

“%”w\mfsﬁwineq&éii¥§iﬂ>ist us see what ¢ Operations msy»gsubésformed on. T
;{\ i i both sides of an 1nequality to yield an equivalenu 1nequa11ty. | : #g
N a e R IR
S ~ For exampla, suppese we try to find the truth set of .- SR
. v \ o T
\ 3R15<1*18. o o T
v A : | . » . " o Jm * e . 3‘}’\,
¢ AR ) . \‘\ \ o
W\ * N | N N\ ‘\
: ”1&;\\ . S
2 \“\ o ' ‘;‘ \ ; N i . * ’ -
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- , ooy \ oy ™, \ i \
e @S : R
.., We. have available the addition pr'oz)eﬁty of order, which states- "
s\&,'\\ej . {~:,\' s . Fo;- eal Qumbers a, b, e, ~ L

» 3 Sy
A

b ¢

a<bifandonlyif a+c<b+c.*;}\

- ’ .o a

\\\'I‘his suggests that. we may add to both sides oi’ the 1nequality ‘
‘the Teal numbe? - {..- ;4- + 15) to obtain -E-x < 33 . Are Jou sure |
‘ that (-\-h- + l:;) is a real number- f‘or every. rea}i. value of x 9
3* o Notice tha’c the opposi‘te, (-— - 15) > 1s also a real numl‘)er for
. every x and adding ('I;' -‘15) to bot}a sides of -l%x < 33, gives ~‘ g

o TOX e 15 < -&--& 18 Hence,

Cox=-15 <%\+\18._ e

Q%x_< 33‘ -' o ’ “\ ‘ , | \ :‘\: Y

B d
37
!

.
L)

-
»,
g
s
[
] . .
. /' : . ) L. ) . ‘, - «

>

K4

are eﬁuivalenk 1nequali’cies L \f

A Y

f R S 5‘ Now we recall the. mul’ciplieation property of order. A ) -/ : =

\\ ‘ :‘ ‘ A . -\; » . i * . ‘ R \“ ~\\ ~ ' . \ - X
K . Fax- real numbers a, b, ST N

‘ lfa<b and c)O thenac.<bc;* .
oo S ifa<b and c<0 ~then ac;~>.“bc ‘:"} 

. N .3
N, . . R

~ This Qropertv suggests t.hat we mul;'iply both Bidea of the second
:l.nequali’cy by t.he positive real nﬁinb‘@r 3 to obtain X < l}h e j‘l

“The reciggo_é;l—;w% ; :l.s also a positive real number, ang
°nmltiplyg.ng ‘both sides of x < M by 7)7 wa ave -Ex < 33%

3 . Hence, _%-x < 33 a.nd x < M are eqaivalent sentepces. what ean ~ . - '

A

~: ' we then say about x -\15 < -54- 18 and x < lm ? What; 18 the A

. t.ruth set of t.he om.ginal sentence 9 R . Tt

N - . RN BN .~ - o . . [N N
. R AN . R -
> . N N R N N N
‘ p N AN . - . ~ *' N -vh
h A8 / . Lo N o : . .
. ) * . » -
oL " ) ° X U N N . . . 3 Wy [N
S s e BN . . . RS . . e . . . AN N » e, I N N L X @ “i: . \:‘\\\\-:
SR - rovio e I N N A R R A N -~ N .. N A [ N T
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L . . » . . . . R ) .
» -
N . .

-

- 'Y“ It turna out tnat tﬁe operations we may perform on . \;
. | ~ I

inequalitiee te yielg equivalent inequalities are somewhat ‘ )
}‘i]&ike those for equalities Let us eall a-positive real. ‘\ .r ) ? -
‘ h “expreosion one which represents positive real numbers for all ) :;v{;\ B
f:‘ ‘vreal values of the variable Is X + 2 a positive‘real | o,
.i~ !\expreseion? Is xe + 2 ? Is xe.m~ 29 s [x - 2] » g Q :i R
o . It the same real expnession 1s adde to ooth,aides of 'f
‘\, o \;n ineguality, the reeulting inequality is equivalent ) R
‘ £6, the .original, AR S ~fi.~‘ K .“ -”§;
If botn eides of an inequality are multiplied by the ‘ f} o
? ‘i‘:” .‘same EObitiVe real enpre ion, the reeulting L - ? ‘f_';
* j;3 E 1nequality is equivalent to the original ,b\~ )
cr T . ; ) \ ‘ ~‘¥f ® | .
Example 1: s:alvé‘i -l-ty\-:-.6 < 25 ‘+ 2., ]
............,.;....._._ | 5 o .\3 BRI ) .
S Ne may‘first rid the sentenee of fractions by U i?
P multiplylng both sides by the poeitive real number 30 ;ﬁ ‘fl
| | L ehy - 180 < 20y + 25, - \‘
' No‘ we add the real expression -20y + 180 to ooth sides' \;§
o | "y < 20; - | - b
‘ “ Finafly; we mmltiply by the pesitize real number :%m; L, | \~;Q‘\§?
What is the truth set of the original ineauality° Explain why~ B
. ;; . all these sentences are equivalent S B ‘\,‘§>~ o :::““%
R Examg}ie 2, Solve“ m« | < 1. . S g.
: ) .
‘ ﬁ ) ; v?\ ’ ) . ’nji




;"f 6l e :\~~ o a0 s LT o o

N ] R N é N ) X R " \ N N : N : N B} ;
R . V*Since x° + 1 15 3 positive real expression, we may.
L < : - . - A * . . - N .- :
\ \ N .. o) e : . \
.mult ly ‘pboth_sides by XT +,1 %o obtain the equivalent : . v
R o . ‘;:‘ - .\\ ‘ . . \’ o . .o . Y .
SN ssentence . . R ‘ : | A

| I 2 e e,
a’\.\‘ . '\, ‘ 1 < X + 1 .‘ N . . o, ‘. - \

R Y

s 8. N \
_By'adding -1 to- both sigdes, we have the equivalent sentence
| F 0K xg - ‘

‘\The truth set of this final sentence #Z,thé set orxall*non;zero.*\f
S realg\ “This is also “the truth set of the original inequality. ;

~\Ekplain.why§

gExerciseb 10 - 2. A : B S o C.

DR 2

3

| N R Solve the follo:ing inequalities b§ changing to simpler ﬁ c‘ftn

\ \ equlvalagtrinequalities- ﬁ
§1“;'; (a) X+ 12 ¢ 39+ .. - :(5) 

o (b) --x <35-x.=“‘-“-(g); \ W
o) \ma > WEL ) i c e

e S (d) t“/r”< 3 ' o \ +\ . B e s e

_,»._*_.\\mx fdj,,_ct 4._“‘3 <‘6 _O_I, 6{ - 3 >_0_H j. B - .. ‘.

R \V'; (e) |x » 11 <2 P o fr“g B L \\»~\s:
coeet L (miads equivalent to. % - 1 (2 and xied OB L5

e e 8Y -3 >Y\3y s, W xgi T2 R
‘ ‘; ‘ *§.‘ Solve the following sentencéS*if o t"l\ ;f\‘§ ;{“‘ ‘ M“« \Ef
- @) remalc2. 7.0 o BRI
‘;\;~‘,' e (This is ‘equivalent to n < 4x -+, 1 and hxc$r1\< gv)?;~ : ”fé
- (b) b . 4. ¢ 0 amd 1-31:(0.‘ IR

Y@ akmers T

ST (f‘\) lzsl <1 R e e

-
~a




\ . \ “‘ L . . . . .
v » e s N . L i . o A

.
‘v

o (g) 1x + 2 <-§ . | ‘ D e oo

N ' "V\-\s(h) ly + 2] > 1 ;/” I s ‘: .

:: \‘3' v (This is equivalent Lo y + 2 > l or. -y - 2 > 1“) ‘
R . (i) 12x - u’ >5 . L I \"a\-L \ MU ‘{f

. :3 Graph the truth sets of the sentences in problems E(a) ,‘

| “{e), (e) and (h) a ‘i\““ ¢ o

i#. If a.negative ‘real expression is one Which represents | .
f~\f‘.l~‘ negative real numbers for all real values of the variebles

| \i‘\ determine which of. the follow1n§ are negative real |
A expressions' \ \‘, oo ;oo s

L]

Sj(§) o e :\‘~~~%(a) ex - 1]" R

X

‘Wfsx‘i: :We; \\®)-h%ll ﬂ\~31331m

(¢) = (f) Lo

o 5. Suppase ae multiply both sides of an inequality by the sare

. negative veal. expression.\ What do we have to da’ tO‘tne“ "

order of thevinegualitx if the resulting inequality is to be

J»’391 B :;5‘ o . 0 - 3

true° Are the two inequalities then equivalent° ~ “‘ﬂ \“=~°a

i"ﬁ§i . Selve the following‘~ ) =\“i‘ : f“ | ’{f “i“\§$sf“
R (a) -3x > b . (p) \-(x - l) <" 2 e) _(ax - ) >
6*‘ Sqlve 3y - % + 7 < 0 for y ; that is, obtain an

-

-2 N

3 equivalent sentence with v alone on the. 1eft side.~ What L t
. \ is the truth set for N when x = 1 ? - Now solve for x° — \f
‘ S e e b s R ‘“’_w‘ . . ,i

i o What is;the pruth set for x if 3\? 292

-

- : “ N h

selved factored quadretic equations suen as

. . . e

(K - 3z + 2) I . :\~ el s

10 23, \Factered ‘ggations when in Chapter 9 you\\\;‘" e

N Had
3
RSEUES. § SN PO N,
- ) A C . o . BN R -
) N . . . S o R
SN ~ ) - o e
v . . s PN N . RN o y
- N 3 . N . N :t 3 e S
) * ) H s ® RN LRI
N SRR L R TRt d T R R e v S e N
) .
.
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~you needed the impertant praéerty.of aumbers: R -
pc\“ \ DN . s ‘ s ) . v '\
. ) For real numbers a . and b o I ) ‘ S
P ab = o 1f, and only if -2 = 0" or b=0. N .
~ Reétate_tnis prpﬁerty fqr the particnlaf ‘a\fénd ‘b\‘in‘the above
| eQuatien 'Intefpret‘the ~"if and only if“~ in‘yéur own wWords . K
Iv is tnis oasi» property and the fact that' x -~3 and X+ 2
are real numbers for every real number X, that guarantee the
. truth set of the sentence " - 3 6 0’ or x"'ﬁ- 2 =0", namely, <
,.wg}..~ In other words, ) .’1\ o | 5
: . i N . ay o o \ B ) T e . L . ': - ‘?\‘h
.+ " The equaﬁion "ab = 0" 1is equivalent to the sentence . . *
R =0 ok ‘b = O, provided' a- and b are real
.. - expressions.\i o | ‘
: % " \ . .
: Hou would ybu extend this property to equations such as
\ % ey
abcd ~n0 3 State a general prOperty £or any number pf factors "‘\
What is the truth set of oo , .
| e )(x- (N -2) 2 0r o

Lo T ~“‘]?heim:l.\o:czl‘<:>f bﬁe sets A and B“ 1is the set "of numbers
that are either in. A ‘or 10+ B (or in beth) Thus the ggion bf,‘\
(3,2} ‘and (3,1, 1) 18" (3,2,1,71) . Vnat is the unio of

»*~~w~-{fg£ e»e} and» {é&ﬂ‘i“Q} 9~MWhatﬁis the~reiation&hip be%ween~the i
o truth set of. “(x.p 3)(x - 2)(x +°2) = o"- and ‘the truth sets

;f;~ Cof “(x - 31Ix - 2) Q“ jend e + 2 w.O“ ? This~example ’~‘e o %”:5&
i 111ustrates the fact that when a and b are thought or as being | (
e ‘expressiona such as’ (x - 3)(x + 2) and (x -2) , or even more ‘
. R r?:; | 523\‘; Sty ;‘ .




. complicated ones;

the trutn seta of the two equations a =

a and b

e h Exercises

»*
. -

Tne truth Yet of the equation ab =

are real expresolono.

) 10 -

1.
@)
()

-

P Solve-‘*

- (8)

(a)

~

‘:3. “Pind a polynomial which has the value 0,5 each time  x ‘cakes I

()
(c)

ERCA
(£)

Solve x3‘=‘

~9

(

x(3x

x3 + X

2

v 2

(&f\;xj<.l\

3a.

v

b) (x 2

)(X

2

-
=~ O:‘“.

»

what about x ‘?

a value 1n the set

A Y

2)

Lv2:, - V2, 1)

P

ind tgg truth betS‘Of. B
(x + 2){x + 1)(x- 2)(x + 3)
(3x - 1)(2x +. 1)(x ..e)(ux - 3)x

mﬁix+zxx+mf
~w\-nm + 5% +6) =

"

SoIVe <t a1 by writing it

T

ce

‘=‘ o

=
<22 _
)"

.6, Find the truth set of the Sentence °

SO S

~;‘3:\37 - Naw We: can 1earn more abaut the case in which we multiply
both sides of an. edhation by-an expression which for ucme value §W?

C e of the variable may be 0 .or not a real numher.

u~3nx~nm+1r’

05

-

If “x >"if
= 0 and factoring

-

0-
oo

H

1 by arguing ébput_%he "size“ bf X .

what about x

‘\lQ s : .
BRAN
the above property can be restated as follo»s.

1s the unlon of

)

- o
- N
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Iy
A
Al
»
A Y
- .
. i. ?
. = 2
9
3
- .
. )
-
2 *
3
s B
Ao 3 i
H
-
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- W 3
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v
¥
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Sl
e
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-
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W
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3
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' o\ and |x - 2]‘ <2 T
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/ \‘ ‘,‘ E - A . v
\‘i.. ‘ Ry » . . . Ty . i
:))\v. 0" ’\ N * L\ Qj'
. -3 e T T 3gh e -
e ¥ Cons2der-thls example: Solve < S
I S . \ _ . ) s ~ v S v
T ) ICHEE DR TCE S N

. our first impulse 1s to multiply both Sides by ~m§—~—-

l N 1 . 1

wgwmm» io not a real expression Why° Instead : \L~\\

) . - Y \ N

4(x® - ‘1) Tet us add u(x® o)
T teaboth sidee giving L “‘\i" ‘ e | _; -
| (x » 3)(x%- 1) - g(x?-: 1) -
(x - 3 u)(x ;‘1‘) - b s (Wny?)
. : . »

(x -~7)(x - 1)(x + 1) 0 : SN

Among these sentences each is\equivalent ﬁo every other.. What is

>

\\ .:But\‘

£ ) since is a real expression,

L)

A

the truth set of the original‘sentence° If we. had’ multiplied L

each side (unthinkingly) by —g-—-- " what would by the truth set v

wd

N of the resulting sentence? - ?7? B l~i

1 iv ' We see that in general the following ere equivalent
f{ ;;\, . seﬁ@ences Jhén a b and ¢ are any real expressions- .
.- o ~ : I ,, | R ‘ | e i’bC > L . ‘;
? T L c-fi\ ac - bc =W01? | , | ‘ .

T N i ‘

T 29\ U “(a - 'b)'c - *O% DT '

‘ . : '.i~ f‘ ‘ Qz ; a.- b - qur eﬁ;}O R F;;i i

A . . - -

a1

~\:\‘\This tells us- that the truth set

of:théfeedténce s e
o ST

Y .o bc . - - 15 1 o T o R o
? N ‘ \ V. < -~ o
L dis the union of Qpe truth sete of a-b=0,¢c=0, when . _ et
. 3, b and ¢ are-real’ expreeeions . ’ ' ‘ . X
« - a - h "‘ ’ ‘
| > Exercises 10 “-3b. L . R . .
.1. multipiy both - eides of the equation “xa ﬂ:"
» N "‘ ;
Compare the new and the original truth sets
; N - ~\? . - . M a .v_e,'\ .‘-) N . - R
-~ N _ e o0 \
~ et SR o AT . :




e 895 0 Y s 10.- 0 et
. R . N N \‘ \‘ - > \ ~ .V\' : * ‘ . -

3 - 3 . N N

ca 2, \Multiply~bbth sides_oﬂ xhe equation ﬁt?-;.i“‘ (t +.1) . R ‘j
%

LT Gompare the new amd the~érigina1 tfﬁth Fets, Discuss anyif'}\5._“}f;-ff

differenees bhe 4o’ multiplications made in the truth sets in RS

‘ preblﬁms 1 and7 - SRR - i * \ “
~3. Sg&ve'i \.f‘ ~\~~ - R ) 7i; IR

+
-

-
3
g
e

i(a) (3 . x)(x Y1) ‘“‘5(§ A 37‘~\\;Nfs~1:‘;‘* e R

() (24 %) (x? +1) - s(2ex) T
S e By = Gk aaR i) L S
o ) ‘(hx f\3)(x ;‘uy“ _ 21(32;*‘h)\!‘\::~.;,\;:\j5:f\\ o .

‘\-ff‘\ 10 - h Fragtional ggpations The expression &St L

not a real number when x is 0 Therefare, when we try to

isolve the equation 2 ‘~‘ N A *:‘ f‘..\"=,~ oo A

- R R . N .
C e . S . . . S »
’ . N .. .

, R B F oo . N R . - N -]; = ] 2 W - . . . o .‘ Tl \ ’15 . .- \ :.
O . - X TS L T e
v .

4’1,

)

\5iwe are Eimited to numbers other than 0 S Kﬁo&ing\that‘ k \ f\}“

. N NS .
. . !
'Y \ . N N

Pannot be 0, we may thenxmultiply by the non“zero number x to "

obtain U Y SR «, SN SV

» x = a{‘-' » N . N ) ~\ . “v\‘ . . :i‘ N v‘ .

[ 4
e " xtl_l

" \ R e
. n - N \ ~ AN ’ R
- " . ‘Hence,\ T 3:!-&- = 2"\ and "1 = 2}{ 'and x ;é O“ are equj_valent : \

- ~f"sentences‘.‘ The latter has the truth set {*J ThHﬁ‘ %" iS ’che,~ R

o R I N
solution. . ". | ~‘¢\Ji\” ; .i- A ‘ S e
A N “ PN B .
: Another way to handle this same problem 1s to add -2 TR
T N | AR RN o

to~both sides of = =2 ’ giving

u

© o N
., CON >

%na

T T ’ ‘\‘ N w N N ) 1 N ’ \! » A ( N \‘ “ I‘ "“ N X ) N B :

RS RS N - N . N N - W AR NN

o . B N NERN N R T g e
e S wa . . . \“ . oL e 2 m O . R o X ke . e e S R
T Lo e T e TR N : e 4

o ‘ o 1
. ‘ . N
. 3 S . -

- L= O N (Why‘?) o o . - o AR, .:
o . R i . RS N o i M
R L " DU (:" X T e A . e

ot are ﬁhe requirements on’ a and e fbr the number T
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% to be 0' They are first, sthat “'c # o (whyO) s and second
. . . "!3 TN

: >
. t“xat x\u 0 ;-\: (.:hy") . Thus the sentence % =0 is equivalent

R _ ‘I‘hen = = "'O 1s equivalent to whet sentence‘?' Your R

i

n

o an:;wer should be - X = 0 and X ;é 0", which is the same .

o . sentence we had before Can you find the tr@th set of i—-’f—% O ? e

.

c. .. Tne same twWo approaches can be used on more complicated‘ o
§ | : fraotional equations | Thus we can. solve the equation _ | \
\_‘# “ ( g, o : 1 N \~ “ 'a ‘

o S, ; . NN L ¥ * % = ~"--i'."““‘-"‘m . , - . , N

- either by multiplying both sides by 2s suitable polynomial BN .

; . 1 . l . “ : ' N

| (what is 1"0") » or by writing it first as = - I":":? - 0 and
then simplif‘ying tq_ a single fra‘ction. In either case we mast
~reeogn:l.ze two "illegal values for x. What are they? And thef

eolution is subject to X not taking on. thoee values Using the S *

-

. sec;ond :method, we get - x(*iﬁ-‘éc) \.‘== 0 wh:l.eh 1s equiva&nt to i

* . o a

BN N 2}: =0 ,x ;! 0 - - and X ;é 1. 'I‘he solution of this sentence is

| -:-}'é-, which is therefore, the solution of the original sentence ~ -"; \

w3

el Ae a, final example, solve e T *

If x ;4 2 then upon mcﬁtiplying both sides by X - 2 we get |

EA R .

¥y

L oo ; 2 x 2 o . ‘ . \ \
. D e <o - ‘2) - m? . F<x - : . :
N K % > . :.* :‘ * * . N oL s

° N A N .~
k] R -
N N a .

A

\ Henee the sentenee -—~—-—-§ -—-—-2" 1s equivalent to the RN
’:‘ffif"} senten_cef sé 2 .and x.= 2" §wnat is the truth set of ’r:‘zxie |

. “‘i. *
X SRS S
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uxercises 0 -4, o

df? Solve the following equations' \ T | | o ST B

“ . N
N N . > NN ol

iv

l. -3 \‘ ‘lQ.‘ \9.‘ . s+~ = 1. = B <

a8y 1. .. 1oy iy _ o ‘
‘ - 5 jll.~ "T-:—;}lf —\‘,0 B

. R -
=TT, YR xrrTwta

8. 1‘“\ o+ T -T = O 16.. (m)(x —1) = 0, ~~‘\~ \

C 10 ;5 3 SQuaring o If a = b ; then- Qf cour‘v—f 8% < - v? L ""
: . Why‘?‘ Do you think it is true, eonversel'y, that if a b2> S . i
L. L‘thén~a*= b 2 You ma& see §t~once that this 15 not sp Give an
\f'\“‘\example. I;\%PySQQSe we can alter 52 #;52~‘ |

N oo

through' a chain

- of equivalent sentences as follows: LTy

b . : ~ : L

SRR a nb\ao,“ o ‘

S a

K

... (a-b)a+b)=0,. A
S f5f“‘;‘fﬁ~f; é¥h=O£w‘W*@f9; 

- Tell‘wh&~each or mhese sentences is equivalent to the next gne.~\

T RSN NI
- ¢
~ - . SN “n - LAY
& N N ~
A ]
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. Exam Rle 1, \SolVe _\/ﬁ'%‘Xiﬁ‘E'fd .
« ) ‘V‘ ‘\‘

- We finélly séé that ﬁa?\aibz is not equivalent to "a‘sfbﬁ;i

but rather tof‘? b of‘ a = -b", | ’ _ }
For examgie 1f ae\square both sides. of the sentence ‘ )
: "X =-3" we obtain  "\ = 9", Then. x° -9 = ° ‘.\ ‘;‘ .

Txwx-3) = 05 x=3 or \x=-:z‘-‘ s "
N o m\@-‘ o ' ‘ ) . i ‘* ‘
:Exerciseslo‘u s, - j ﬁ T -
K See what squaring both sides does. to the truth sets of the . . e
. : ‘fbllowing equations., In each case the factoring will be of the u  \ L
‘ type ag‘-\ben = (a-D)(a+ b) o DR
‘32 (x - 1) A0 o - o B ‘i‘ ot L el
B, oxal=2. 31 S , o
S ‘ ®
‘ o 5 .
In these cases 1t is obvious _what the oﬂ&ginql truth R
. B set 13 and “we' haven't had to use the new truth set to obtain the N o §
“old., Hawever, sometimes we square both sides ‘of an eqnation e ;é
) , 'as a simplifyiﬁg.process 1n situations where we don’t already ‘lﬁ . ‘f;E
| know ‘the truth set. We do know, as in the above exercises, that\\ B g
any ‘solution of ‘the unsquarbd equabton ts a’ aolution of';he R ‘liiﬁf;f
sguaredaequation. But'we alSO know that the new truth set may

. be larger than thﬁ old+ Thene£0@e»each~solutien*ﬁf*the«~ : 4\;"‘ 2 N
@g grder to eliminate any possihle exgra aolutions that may have F‘\\‘ &\‘;gé
crept in during the sqparing. o ‘\11Y  '3*3?_§§

-
* = . N - ) 2




<

‘ and noa bquare both sides obtainihg - @5'~

. 3

. - 599 B .f. . 10 - 5 o
| 3 _— \ . » . | | : . ‘ -§

It is clear thax if we bquare ‘both bides as the equation otands N

~‘)

R

we bhall gtill have a gquare root left in the left side Wé‘ 5 -

therefore firat g£0o ‘to-the eqnivalent§equation \\\/§'=¢2 “ x7 O - L

X = b - bx oy x2 - | St

~ %€ - X + 4 =0 T

N | ) . o N

\ Example 2. Solve le - X, =1 . . L o .

s {x (k1) =0, . S

‘ (} 1§ the - solution of the other alternative sentence\

L X o= h»‘pr ~x =1 . -« | SN : C e

@hECking oack, we see that h does not make the original e \“¥ 

equation true, ~'}'1:Lle 1. does ~ The solution ia therefore 1 .\ o
* -

correSpondIng to the second possibiiity,- a = —b‘& Do you see‘

N

what this equationuis? Answer,i VxS =‘;-(2 - x) )

A ) )
- A
W . -

+ : ) 9y - . . : *

We use the fact that ‘Xl? - x° for every réal number .

Cx ‘to‘get the %equence of sentences ‘ | ’ . i
S T ‘.  |x{ =x+\1 5 | \‘ 
: ‘f o ;j.‘iQ.z <2 4 2x ¥;1~} \ ‘1 i?
.S w oy + 1 -0 ’; L ’ ‘ ‘; ; ~ fii}nigé
‘ o el

i . f e.‘% . ‘ . e ‘ - \ ‘é
Checking back, we find that;-% does. make the original equation B

-

——— I ) ) 2

trué‘and is, thererore, «its solution.. o .
Exercises "10 - 5b ‘f‘ Pt  ‘ ;~\‘ ,i\ e e iaﬂ;¥~;;~i<t*

Solve the fqllowing equations by squaring.\.;i

l\.k lX! =1, - o S T




: 10 -6 L o - ‘
‘ T2, ileﬂ s X X . Lo :
| 3¢ 2&) = |x] F 1. ‘ ) o;
Lk % 2 ) o+ . " * : \ .

5, ﬁ/?§SA=~\i\+ X . o \ . *
~ 6. VETT= x41. . r C
7. \/%n;fif; 1 =x. ° ) ) ;
. .8 V{E‘.i,{-;;a = 0. "

9 VETE - xe2. e e T

R ;o‘.:“lx\;\zl - 3. . S
“ ll:‘ The time ‘f in seconds it takes' a body to fall from rest \f
S f‘\ :distance of s feet is given by thl formula t = %?_’jfg ce j
’ S Find s if - 6 25 seconds and g 32 ~ - . | f
‘\t12.  Determine ahether ‘the following pairs or sentences in two »f‘ - {\“f
oo varigbles are equiv;lént . o S “\ oy _ P ‘

| (a) =%+ ¥ ’,; yo=Vr-xA
N O xg + y2 =1, x2 + :y‘? | 1 R T
N ~ ’ N N . S .. .

10 - 6 " Polynomial 1nequa11ties (Opﬁiahél) \‘Is\‘ \“k\ . 35

\ ( h)(B)(%)( 6)( 8) a positive number° & negative number°
*

- Pid you need to perform the multiplication to anSWer this

. -
hd N - ,:

question”f

_ When we_mu;ti sgxgxgl,ngnwzanQJmMMxnxLJxmgﬂ$mna\
;;::f~ their product is positive if the number of negative factors is

S ow

.evan, and tneir product ‘is negative 4l the number of negative s

 ‘\§ factcrs is Qdd SR :7 »»1 ‘“‘A‘."*?f o $§‘ -
.- e B :

R \\\“~1 This means thQ% we can tell 1mmediately whether a '




Yy

\ythis polynomial For- x :\

I¢]

o ,» 10 . 6 ‘
factordd polyﬁomial . such as o . “\‘ o ;;Ef~ ‘ o BN
o0 e 3x s 2)(x - 1) .

lb poSigive negative, oxR 0 for any glven X .j How about ;\ ‘§~ .

22 ’For x'=»0\?‘ For X =\-1 For

2 For X = e 9

:\\: u’?

polynomial

\ e
-~

-

randon.

(x o+ 3)(x 4 2)(x - 1) is 0 (}he truth set of

(x + 3)(x + 2)(x - 1) =

DX

&

What is. this set°

WY indicate.this on the

v

Y

JuSt‘cHeck«how many factors are negative.

LY
.

)r

<

»

-

~ But we can do better than chooéing a few points at

We can first find the set of values or X for uhich

Then we graph

Tfy

9 N

e
a

‘You need not compute “the value of, the =~ =

%

1Y

~j:his set on the number line ) ‘
uh‘ . —3 —2 -1 O, 1 2 _ 3 L & -
Now what can we say about each of “the factors :‘ﬁ o
(x +3), (x+ 21 , (- l) for any X - 'less than ‘-Sif
\ "
x = ﬂh .. " We find that all three factors are negative numbers,
and therefore their product is negative.\
number line as follous- ) ’
' \,-~g~224_-\ SRS R
. g ‘i“‘ \n ...\ - W— }- : :T - s
| o -y ~3 ~2 ul 0. 1l 3
| what about these' factors when x is“bgtween =3 and
i},~“‘3Try X = _~§ Thq factor (x + 3) is now positive wnile the
" other"two. remain negative “We can‘think of (x + 3} as
changing over’ " fram negative to positive as x- crosses ,3 ‘

i:The product is now positive for X between

.-3 and *\Q Y

*

. - N A
. ,#‘N_mjzﬁﬂﬂux \ﬂf ; \iwﬁﬁ, o RS
o T N N *‘ "' S ) 2 3
. . L = | S SR | T L]
St W W3 2. W1 0L 2 3 .
N . . . N ‘ \‘\~ N Tt . . - . NN
. v - NN B cw .- AN
N L ANS 32 S »
cr e b y ,;if ,ﬁf? gﬁ.pgzﬁgi“ N
; - \“ T AN N : ?:Vo'\ . \: N .‘:. \:\;‘
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-6 wge. o

’?{r’i,/é

Probably you can eee what is going to happen when X crosses

\ ~2 and finally 1 ; ‘When X crosses -2 ,  the next factor ) ° ‘Qi

R (a + 2) changes from negative to poegtive 'S0 that for any X

,{;\, betdeen -2 -and . 1 there ave two posi%ive factors and one . . ’
negative the total product now-. being negative : Finally, when | x
.n:‘>° crosses W1, the last factor ehanges from negative to positive,
, ‘ \
S0 that for x greater than X, all factors are\positive. '
‘ _ " _ . + .-
S i e o e e s S s
AR - .3 .21 0.1 2 & c
" Using this final diagram, we can read off the truth sets oﬁ . )
.E,ux‘:xcertain related 1nequalit*es For example, theitruth set of the =~
. e \ - y | - \ . . . ‘ | «
A sentence L ~ o St e e
e i oL - EedEsE-1) <o SR
f%**%?3~ 1s eraphed below. This is the set of a1l numbers x fcr :
Aoyt - ' - : . St . 2
N R R 00 —-0—@—-®--I-I-—-h—(3 T - . ‘ LAY k
L e N =3 2.3 . - S

RPN \_‘ RV o o R .
ool » I

\ uhich the product of the factors 13 negative, namely, the eet of . .y
a0 ;n B § e o

¥ :all x" such that e

‘ {yﬁ ¥ < -3 Qr -2 <x< 1 - o ‘ .
v 2 {:
"¢ . Whap is the truth set of the eentence (x + 3)(x + 2)(x - 1) > 0 °?

Graph it* Of the sentence (x + 3)(x +2)(x - 1)‘2.0 ?

o | To find the truth set af X "_* ‘ - SR

i&we*%ie_;“e¥”eheyn;w;txem I me;m_wpf . ;“ﬁf :: ‘Ebc NS ‘ ‘\\ - — g - + elf‘\w_‘ ~ :
| _ we first change to the equivalent 1nequality with 0 on .the -

£ righﬁ eide.f\‘_~ . ~ \if j Q o ‘\Q.ﬁ | \[‘ . ”f :{ii fifﬁ:

-, . c X \\\ E ‘ S
o ‘ e 2-3¢0. ~ .
o « Ty e *
o : ’ o I
S « L4 N . !
“-» . i % '33 o °
S . ®
N » N \ . i’ . &
\l’ ‘ \“' *\\:;




w3 ~_f_\_1o‘-\6\

St \if Then we Iactor the left side into firbt degree factors o T

. (x + 1)(x - 3)‘g 0 .

. . Proceeding as .before, we get the diagram:‘* L T T

s

o

Thba, the truth set of the inequality X - 3‘5 2x has the

>

following graph (since the produot of the factorb (x + 1)(x - 3)

fsp»oe negative or zero)

-

 Th1é ié\the set of all X sunh that .;1 £x 3

q

N Exercisea lo - oa - ‘ _‘ oo

. SN Co
l. ' Uaing the above discuasion as a model, graph and describe

L} ‘_~‘

the truth sets of. the folloaing inequglitie

U@ eeheedbo e t2.+.;,t <6 o

(b)‘\_v ‘<\l e (d) x® +223x AR

B O I (s + 5)(» +8)(s + 2)(s)(s - 3,) <o IR
S 0T (f)\ 2 - x <x . R AR

)

-

2. What 1s the truth set of the sentence
*; (x + 2)(X - l) >0 and X <w3 4

——— e e e

3. Is there a single polynomial inequality equiualent to the

: §entence of ?roblem 2 9

‘:- NN B » -

There 1s .one danger point which we should explain.
T bolint whicl we shoul "




; r}g\_.1o‘;‘6“1\?if\ R o  hogj S ~“‘\ S o \“:‘
) buppooe a facter is repeated in a polynomial .one or more timeo,x\ N
. as 1n (x + 2) (x - 1) ‘When x° croeses~\~2 tnere are two “\jg“f
faCtO s Of thie polynomial ghanging together from negative to *iﬂ‘\ .

" ‘f\ poSitive \ The number of negative factors drop fron 3 to l

“and the product remaine negative as ;x :eroeses —2 . gThe

S diagram‘is then L L e RN

T *- ; S y
o -h-3 L2t 0" 1 2.3 E

.

e . - \ ) : - v : S

What 1.> tne truth oeq of "~ ° . S -
; | (x + 2) (x - l) > 02 | \ |

(1 e. , for what values of X is the product of the factors
positive9)“ of . ‘

{x + 2) (x ; 11‘3 o

- Wﬁat happens if a factor occure three times, as in 1  | - #;g

- x(x s1)3 o uhat is the truth set of . B ; S <
. ,;J{"~x(x ~1%¢o o B

R N . . . ;\ . ’~ :
w N @
-

R
’“ ‘ ‘ , X(X“l)vzoo\*‘\\ . . : ‘ .

Sometimes we have a quadratic faetor; such as x2. + 2,

‘ which cannot be factored and. which is alwexs pnsitive for ail B

‘5 values Of X Does such a factor h&ve any effect on the way \\\f~“e‘~ af
the product changes from~poeitive to negativeO What is the .
ﬁru*ch ser-‘ Of . - o S,

U UG U VUV RV U SOV

| | el <o ]

- © R . . .

’ 0 - N . : * N . R . N AE T v TR . 2w sBaan
. 1 t N T - . . - R . X s PO - R LRN
a : . N 5 N . . R . N ) .
N

L a)x - 3) yoe SR
g ) ‘\ | \ \‘ . :
% % *

3
el
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é}?cises lO»ESb. ‘:\j \‘ - T ‘ \

1 Solve and graph | o \\ | | | N \
N (a) x2 + l > 2x§ . h\ . .\ ‘  . | '\ . ) “ ‘\‘\‘ “ “\ , .~ ,
(b) = ﬁ"Ll'< o... . s \ SN

,/'

r\-‘,(é) G )B o) w0 L

& ve) (:x-l) (x.. 2) >0 T . o |
; ’(f) (y "!':Y + 6) < 0 3 ,*m | R ) SR \ ‘
“(g)\ (x + 2)(x 4 33: + 2) < 0 . ) C ) f,l | N  ‘

| (h) 3;y N l?gy _ 16 . o o o . A

‘(:.) lxl(xé 2)(x+n)<\ ey

*
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-
«
* ¥
-
- N ‘
=
BN ~ *
wl o
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‘Gfaphs~of:0pén\3ehtences‘in Two:Variablas'~\a oo

RN " )
. . ‘
. . . . ot " - Y . . PO R
- . LI o e, A U .
. . N oo . .
P U - AN . 3 . . - . ~ .
e ) : t t S o A .
Y. N * : . ® N - - .
) A . o0 - R
to, . RS - . . .

LN f SR & S 1N The real number plane.\ The real number line A
g \ O S o ot
- has been-a help 1n making decisions about relations among real ‘ e
mwﬁnmbers. (Give examples or some cases in which we have used the |
L real numher 11ne ) Perhaps a’rea1°numbar p e. would . be “even o
\ N o \
more helpful o RN \, B L ~7
’ Wé have associated numberg‘with points of the line. b .
\ How can we associate numbers with points of the plane° Consider‘ \
\\any poin; P in a. plane. If thas point 18 on the number line a
- X units from the zero. point, then thare iS Qhe numb o rx | . .
) —~———— J X -
associated with P. If P 'is not on the number line, as,ﬁa
Figure l, there 13 "a number, n  ~\ . i B N L
. ) . R . R “)“ \~ \\ N “ . ‘:\:\\*\‘
x : R ‘\ 3 +P :“L N
‘ 2 e
. \e.i M .
‘ S 1}k FOIN
) N N 1S TR 1 i \ 4 i Lo I N
-5 -4 3.2+ 0 1.2 34 5 67 8 9 100 ° °
L Figurewiﬁff \ '
. » e .
e X e _ e Yl A ; ;

. \ this case 7, which 15 asscciated with o 1n the sense tnat it is
‘?*%\ \;‘; on ‘the number- lina directly under P {1t wculd‘be directly aver

Ce R Af P were below the number line) This number s not - |
: surricient by itaelf to locate P, since T 13 on the nnmber line \

-~ X -
> . ~ N A ~ N - N N
[} Rl - A -
R * -
\/l o NN
- . 3 : LA
3; : R ; Yo
RN ) . Ao 5 w :a:
LN 7 N T w ety N Fotas oM .
~ ¥ e DTN [N RN .~ By o S .
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- B Fl

. and’ p 1s B‘ﬁniﬁa‘above the line, Parhaps we need two numbers ‘

~‘tcaw'aamxé P, ~using 7 aa the first one because 1t 1s on the

number line which we already know From 7 we could draw a
n

this line coinciding with 7- on the first line.\ On th&s vertical

" line we find p at the pumber- 3,.this number we regard as the

‘\vsecond number belonging to ”P. The point P now has the

aasaciated pair of numberp (7, 3) We wnite these as 1nd1cated,

one round along the vertical line Becond, and enclosing them in

f

a second number, 3, and we think of these as an ordered pair of E
A .

numbers, (7, 3), belonging to p and called the coordinates of

P, The first number 1s called the abscissa of p and the seccnd

number the ordinate of P

AN st ' . N A i - ‘~
) . . ) - N .
NN . ' '
. N
Y Ve A / .
R 0\ 4 DO
- .

- ocwor . T -

~second number line to P, drawing it vertical and with the zero of _

‘placing the numper found along the hbnizontal 1ine first, and the -

- parentheses.‘ We have now assigned to - P a first number, 7, and ‘ )

R

N

'ff"'

o - ‘¥r | \~,‘~a§5 . .
/ B S A R T < I
e T S O Y e-) I N
Lo ‘ K L + . l e ~F:\ leed ~I~~TL~ :
7695 4 32 1012345 67 89 .
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o, Ny’ 1 ’C ?k o \
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" In Figure 2, verify that the.ordered nuMber paire A

. written for point P, A, B, L, and. Q are correct Which Aumber: 15

N Why 1is the second, number for 9 negative°~

%‘

\ associated with pointe F and G 9’ Make & general statement about
a'; the secend nnmber of the ordered nair aeeocia ed with any point
. whieh lies on the hprizontal nunber line.\i

-.assoclated’ with goints E, C, K, and DP What ordered pair is _“ if\f

written first in each case°* Which is second° The order is e ‘:g
1mpqrtant, and hence we. consider nnly ordered pairs. the that .
’the ordered pair (1,$h) 1s not the same ae\ﬁhe ordered paar *~ ‘:f5lf"

(h 1l).. How does the ordered pair»ror Q dirfer from that fOr

~ « AL 1 Cw
8

. ;f In Figure 2, what ordered paire of numbers*are o

\Qaeeociated with point H, whieh is on the number line° This point
31$ celled the origin, and is associated with‘ (0, O) We may'~

N N

conslder that the second number of the ordered pair ie the

3
o

J:dietance above or below ‘the nnmber line. .What ordered~pa1re are . = e

Fas

It we have eeveral pointe in a plane, and a single
[ A : x.‘

horizontal number line, 1s there any way in whigh we can refine '

| our figure se that we can 1dentify the ordered Dairs of numbers . -

*

. aseociated‘with the points without drawing a. separame vertieai“

line from each point to the horizontal number 11ne° For this

purpoee we shall use coordinate pmper and Qranﬂgnlyueneuseeendwﬁﬁer;uwﬁg

SR

.. netwerk of the coordinate paper will permit us to chooee~quickly

:number 1ine, passing through the origin and perpendicularu$o the .

‘ \‘\

N\
o &
%
3

riret nnmber line. If we label thesunite of meaeure on: both or - -*b?“*

theee linee, -each of which is called a ceordinate axie, the 13 S

v
- NN - . . . O
S N B .

K
< .

A ..
B P
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ca  ? . ‘ 11,09 A - R [N \\ ‘ 11,-.

A - . N - A : N

In fact, labeling Ehe . ‘f\lfff

‘\

the suitabl& numbers of an. ordered pair.

units may be omitted 1f one sq&are is used to- reprasenz ane unit

s . - . 1
19 TN > N . )

on each axis. We shall adOpt this practice throughout the SR S

discussion in this chapter.l“ T . S

- N - o

Noté that S and T in Figure 2 do not have the same N

coordinates,\the first coordinate df s is 1 but the first 3

Q.t Lo s

coordinate of T is h.{~The coordinates of S are “the ordeped
(1, u),.

The same numbems appaar in each pair, but since . N

number piar while those of T are the ordered numberxf‘ _\

pairx (h 13

the order is diﬂferent, the ordﬁfed pairs ‘are Qifferent.;\; RN

‘ RS R
Do you think 1t is always true that two different g |

R . B 1

points in the plane cannot have the same~coord;pates@ »

» 19

~Figure‘£of Prob;eﬁ‘
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S Exgrcises 11 - la.~ R o *H~\‘A . ST *f S ~ ‘.i
X S N : . .
l. Write the ordered pairs of numbers which are asseciated with RO
- * oo L v Y
: R N S
“the. points K through M in the rigure belcw. ij N NG
1y R CARRTEIC S
, i g - N . . ) l\n ‘ ‘ Al ) . ‘
- S . \ <3
. . \1 d TR Lo N / o
v RN .. i “ ‘.- i S _i _.‘EJF\ uxi\\- 3“;.,.5!.«‘,;3-..\ . ;\’\
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N 2. The foun parts of the plane, into which the number lines |
divide the plane are called quadrants. These quadrants are ° ‘ ~f§

numbered counter-clockwise, as in the figure fqrhprohlam A

i

beginning with the quadrant 1n;the upper rightnhand corner ~;\‘\ o

where both coordinates are positive. In which quédrants will f

“1.:‘~ R\, the ppints lia for which the second coordinate 13 equal to.. f
T the firsta" . L L e SR
‘ ‘\ \3} Where are all theapsints whose brdered pairs have ordinates g
l_l;" \;‘»3 hocate as many of these as’ possible.‘ This;get of~f\\.; K :
B ji\i‘\a points forms what sort of figure° - ~:@ f: AN o Ft :’E

4, Where are\all the pointS‘whose ordered pairs have abscissas

) X ) ~ . ‘e »\ . . .
S ‘.g Locate as many as. possible. e - o

¥y -2
Prs . - . . - . »

Now let us. shift’ our. attention from. points to numbers. L ‘~<}§
Select any real numbgr as the fig_t nﬂmhgn of a Daim, : |] — ‘19\155
5Qwi‘;.\ ‘331@%3 any real number as th&’second of the pair.‘?Can we s Lo

‘ associate with each such ordered pair a point “on the plane° Givéh :f\,;;f

s S
the ordered pair (-3, 3 y° '¢an: you find a point of the plane .

‘f} t~*‘ having thase ccardina%es° Explain how you lccate the point.5 Dpeg\

S
' every ordered pair ccrrespond to at 1east~one point? Exactly one\“
' A . . « . ] Co o \: \;i.“‘ \ \ \‘*‘_‘\‘
: o Point | . @ ) \ : . LT R
T R Is 1t clear that for. each point of the\flane there 1s Lo
RPN ol

exactiy\pne ordered pair of real: fumbers and for each ordered e

T palr there‘is’ exactly one point?. This is n 1mportant fact iIn .
Sod ma:l;lz'utsnnr;vt‘.1:2.{.1.‘\~ o ‘;;‘if:r{1\§;~ - ~
| . E
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- Exercises 11 ° 1b. N S 5 o

Using coordinate axes.of your own choosing, locate the points : \\;\jl

~ assoclated with the fol&owing ordered pairs of numbers‘ S '\é

A, -3y . ~_\G:(S, ) Lo SR ‘
@ d ¢ I8 T e

’ ‘D§-7; ) . . | \\ \‘ R JK-G _ )g‘.\~1 : j ‘~3 . e Q{;é
E(-4, 0) . K(0, - 2) ‘

co R0 n(- 3, ) Lo
2. In the figure you have Just drawn for problem 1, ave POints L

@ and RS the same? Why? Are points I and J the same9\ s
K‘and L2 . L
LoV 3. Wit ‘ 3 erence to a set -of coordinate axos, mark the pointa
IR wit\ coo.‘inates. (e, 3), (2, l), (2,*§0,~ (2, 0), !
‘x : » ‘( \Eﬂ What is true of'all of those ordered

e

v~ih.\ I you locate several pointa whose ordered pairs havo 5 for

" \%
T their ordinates, where would all these points 113? : ~3%;-‘ \:jm R

e RN W1th rererenoe ,to a set of ooordinate Qgea, locate eight
I points whose ooordinates are pairs of‘naners for whdch the

. }f rirst and seoond numbers are the same.\ Ir you oould 1ocate \§;~j fg‘-

~{”\fw - a¢1“suoh*noints;*what“aort*offfigure wouIdTyou?havg?,: |
| 6 Lot ug think of moving all the points of a plane %n*the 5
| following manner. Each point’ wiﬁh odorainatea (ajb)~

moved tn,the point with ooordﬁghtea (~a, b) Describe~th18

; t\;ﬁa in’ terms of taking the opposite.. An@ther waygqr looking.at



"1 :‘i . o . 212 -
i ‘)/*/ this is to consider that the points IR

\cf the plane are rotated one-half o | i1~ . C 9

. a revolution about the y~axis, as o ]
1ndicated in the figure fer problem v B \ ~ .
-6, Answer the follcwing questions, \(;1;-2) Y .:’*;(ng);.‘ u »§ﬁ

o - and 1ocate the points referred‘tp . e ,j ‘ MRS
e o 4 -Flgure for Problen 6.7 ‘
o Zin parts (2) and (b)y . o .

| Xa): Into what points do the folloﬂing points go.. (2,~l),
T R (-3, 2), (-1, -1), (3, o); (-5, 0y,
Do , (o 2), (o -2) ? T C ;_\“_\.:_‘i..__: .jm\“ N
(b) What points 8O 1nto the points listed in (a) ‘above? \ ‘;
(c) What point does - (a,~»b) go dnto? - ‘
(d) aWhat*point does A(~a, b) go 1ntg‘>"‘"‘i:"~ e
| f‘T}~ (e) What polnt goes 1nta (a,‘b)°»? L | L f.\5.~f o 1‘Lff§

m

(f) What points g0 1nto themselves° .

.. .

) \f. Suppoae a point with coordinatea (a, b) <1s moved 1nto the .
éii]}g,;:;i point (a % a, b). This‘pan he thought of as sliding the  ~ ;f_*“f4%ﬁ
o ‘.\\ points of the .plane to the right 2 units. Answer the :_ o |
ff;; ff; | following questions and locate.ali of tHE points in parts ~i\i\\lf~3;
B I L |
(a) 'What points do the following pcints go 1nto. (g; l),;i_ ~f“¥~_&
” (e 1), (2, 2), (0, -8), (3, Q)% -
(v). What pointa go into the points 1isted in (a) above° ~\‘\\”\;ff
_MLQL .jg h)ﬂwg — iwwwfihﬂf; N

gifi~.\f‘\ .(d) What point goes into (-a, b)?
\ {#)f‘Which 901nt8 £0 1nta‘themselvas?\ff*\“’*n“*

.o * N
-~y - - e N st e a e
ey l 2 o
A ah ~ R NS EERN N N o
» e N
RN N NN . & SAN .
o % : . . -
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ll - 2. raphs of open sentences with two variables. ‘

g \,J’
If we assign the values O and -2_ to the‘variablee‘of\the\open~

sentence \ ~ o’;\ R R
. ‘ Y - 2X +6 =0,

**ie‘it nhen a‘truetsenience?~ To whioh variable did you aesign 0?2
Tﬁo\whioh~;~é ? " Were “there two. different ways to make these
3a§eignments9\ - S — B ~’\~\\ "ii‘»i f\-fﬁ

. ‘ ' b S
» =

T . To avoid the kind of confusion you met in the preceding“;{ .

‘ paragraph let us agree. that wHenever we write an open sentence _ f‘ 5/

¥

‘with two variables, we muet indicate which of the varieblee is to S m'iﬁ
be taken firet When the variables are x and . y,; a8 1n the . |

_éF": ‘above example, - X will always be taken first B

“

 With this agreement we are ready to examine the*conneot-f_v Cow
ion between an open sentence with two ordered variables and an - ‘\7"5

~

Quordenedopain_of reaI‘numbere. Among the eet oz all gxﬂene Qeirs

°\f¢<or real numbers, eaoh paﬁg has a firet-number which.we assooiate

T with the first veriahle of the sentenoe anq a eecond number which B

we assooiete with’ the second variable. In thi@ way an open :

NN o

- sentence with ﬁwo ordered variables acts as a’ sortere~it sorts the - ..

fﬁset of all ordered pairs ox real numbers 1nto two eubsets._

(1) the oet of ordered pairs which“make the sentence true,am~

‘3

(2) the set of . ordered pairs which make the sentence falee.¢
{ Ae before, we call this first eet the truth eet of the sentence. '\‘~f§'

i A A+ A A A e v 8 s

Now we oan answer the queetion 1n the firet paragraph

A

. 1f we 3peo1fy the ordered pair (o, -g) poes tne ordered peir .\.;‘e;}lv§
(0, nE) belong to ‘the set of ‘ordered paire ror~which | IR A

B oo e

. . N N - ~
N * - NN
- o N X A N . . RN LS
. N
. . % .o .

‘ ‘h v
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i
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¢
3
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g
_— . :
Co b “ :
. S s
i ’



-z - - 1%14‘

-.a solut on° T

. ordered pairs E the truth set of B - "‘v

By - Ex + 6 = O,

is a true sentence° Doee the ordered pair (- 2, 0) belong to the

. Vo & . . :
truth eet° ' S T o v

*

¢« .An ordered pair helonging to the truth gset of a senmence i *

with two variables ie called a solution or the eentenee, and this

‘ordered pair 1s eaid to’ satisfz ﬁhe sentence. If ‘r is taken as

.\the first variable, what are sonme solutions of

N

r + 1 9“ \;"‘

A

" Does the - ovdered palr (~2, -3). eatiexy this. eentence° Is  («3,2)

t\ “

™

-

If u is taken as the first qerieble, what are some. -

d

| {!ﬂbi: | o ' Qu? )

',varieblee, we megn that 4“ is en ehhxevie&ien~£er

»“:" g l (O)x + (l{&j;>h

e . RN

. f\er (-1, 2) a eplutien of this\eentence° Qoee €2g~41)1 eatisfy* 2
‘ 't;hiq eam‘ence? _ _ SRR o f s i
i | Throughout this chapter~we will use only x and, y - as R
ii\variables, in order to focus attention en propertiee of sentences .f f

~ with two ordered varieblee. But many times in the future yeu will ) E

see other varieblee ueed, and then you muet elways decid whiéh}‘f {%

' varidble is ueed first, ' ‘f‘ o - . (?‘ _ 5%

T One other‘point needs bo be etreesed.\ The sentence ’ f%

L‘- 4" can be considered as a sentence 1n one variable‘ Y, qr :g

‘»1t can be considered ae a sentenee with two ordered variablee x W‘“ff

' end Yo when we 8ay tha'c “'y = 4" é.e k) eentenee wi'bh two ) "
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~What are some solutions of‘tnis senﬁénoe?“What“is‘truo‘Of every
- ordered paip satisfying this sentence? If "x = -2" is a’

sentence with two variables, then "x = 2", is’an\abbrev;ation

for . ‘ ‘ I L L
| e ‘ (l)x =@y=-2. T
What 1s true of every ordened pair;sétisfying this sentonoo? -
Exoroisés ll\- Ea. \ll o | ‘\‘\ 3 |
‘l.‘ Describe the truth sets of the following open sentences in‘f‘i o
| two ordered variables Xy yr. | ‘ | ‘ ‘ \ \
(@ y=5 (o) v =3 o
) x=0 @ ox=a
nna. * Find four solutions of each of the following Open sentenoes. ‘ o
| \;\(a) yo= 3 -2 o fe) ¥ = X% + o '
N ~ (b) y 2+x I (d) ¥ = ]xl \\ZQ\; ~\ o
3. For each of the sentences in Problem 2, rind two ordered pairs g_;‘f
~which do _not satisfy the sentence. e - \';f; : .\\\ ‘}n {il ;E
» u;‘ with respect to separate sets of coordinate ones,llocate the S
- points whose coordinates are. the solutions you found for. each. N K
T \‘or tng sentences 1n ‘Problem 2.\" T o ;;\‘l |  f - ~;\f§
. e o e » -
! Remember that every point of the plane has an assooiated\. ' Tg
palr of numbers oalled its coordinates. Now we see that an Qpen | ':;

. sontenoe wdth two ordered variah;es not only sorts the set of

ordered pairs of numbers 1nto two subsets-uit also sorts the gohtg ‘

or the glane into two subaets. ) \\:~$\
. . “ . \: A

e
'
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o (l) the set of all points whose coordinetes satisfy

- the sentence, and - _ e R

4“«4, L

N (2) all other points.d' j.\\ S | \~‘ R

iE

" As before, we call this first set of points the gragg of the ;

sentence. ‘ ‘ “1 T e . o S
. d :

v We will be intefested o learn what sort of figure on ’f“l~

e .
Lo e, P

. the plane this graph will be for any given eentence. Let us try,

oy

- as an egample, the sentence ‘ - l{\ o R
s . * Sy o Sy _ 6 _ 0 | l ; : 3 o %‘ '
er o ' \\:v We cen guess several solutions, such as (3, 0) and - w;f
. Try to guess some more solutions. Notice that it would |
| ?:er to determine eolutions ir we write an equivalent \%

NI

1.f\f> - equation having 'y By itself on the 1eft side: | i
;'\ S | L L l\,.REX];‘3y‘*:6 =.Q\a “'\\\j.;\ . 1S\\ i '\\ §“;?§§

N axe 67

o
. - ‘ (A
L]

f\\\:t; 1 NN \ = ‘ C - ~:~ . . \‘ ‘,\ ‘.\ . ag K ,,. SRR “ . . “ .
We eall thle last equivalent sentence the 1yform of the original RIS

sentence.\ Now we see that ,"X = g ~-2" can be translated 1nto . = o

e “an Engllsh sentence in terms of abscissas and ordinatee of points B

P

~on lts\graph.~ "The ordinate is 2 less than g; of the’ abscissa

Since we shall be taking 3 -of the abscissa, 1t might
be eimpler to use absciseae which are multiplea of 3 If the

v R

——+——-8bg iE““ﬁ;““the ordinate muﬁx“be 0 1n ordgr to form a. R

T eolutien. Why° Ir the abscisea is 56,\ what must the ordinate ]f,' ]

e bge“ CQntinuing,\we can f&l; 1n aetable of ofderad pairs which“

j};.\ ‘ satisfy the eentence.*

RN - . 3 N ; o o .
N RN ;:‘\\Yn‘ ;e ‘:R‘m:*@‘v 1‘({%&«; R 3\‘%‘.‘\%"‘!‘«\&\‘%%% :Nv&;w\i:;r.’&‘ S *:‘m‘\f:i:‘%'
I W ey Te RN




I R S =20 (RO~ RO B ‘5

o R 2 PR R 3 2N N -0
e e : L N
You fill in the empty squares. o o S \ .

= . X . T - B
? ~ N ) . *

:,i/;'!!. P o

{f\“‘ ;\;“ T, % Ll S SN   *‘§§
In Fisure 3, the points (-6 s6)5*¥3;mb) énd‘(g, h)‘seem* RN

’é B ~to lle on a straight line. Do the other pbints whoae coordinates

iy

fyou found 1n the table of solutions alao seem to\lie on this line?
¥

. This brings up the que&tion.\ If we draw the line thraggh these

e points, will we find on 1t all tha points. aush that each haa f‘

S em——

«

“ordinate*a laas than's-of the abscissa?" §urthenmore, we must . a
| I . o 7 R

R AN o N Y ‘;‘"\\ <
. NN N NN
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_.2L;;ﬂjr,{ o We can do the same with suoh open sentences as

q. \~;\gx...3y..\6_.=0.,

'5‘11]"12\\ o e o

ask: Is evegz pcing,on this line'a point whose "ordinate is 2

less than. g of the abgcissa" ?

Suppose we try a point which appears to be on the line,

Rid

l)such as point A in Figure 3.\ The cobrdinates of this point are °

| ”16 2).- *bowthese coordinates: satisfy the equation ax 3y -6 = 0?

(When we say that a specified 11ne 13 the graph of a

»

particul£¥ open sentence, we mean%that both our questions above
are answered affirmativeiy.‘ ‘ ‘ B S o
(l) \1f two ordered numbers satisfy the sentence,\‘ .
\they are the coordinates of a point on the line, .
~\(.a.'é)" if a point is on the line, itg coordinate§ satisfy
. | \the open aentence. o | | B _“
Thus, the line drawn in- Figure 3 13 the graph of the aentehce

R

» N

3y + 5x - 11 =0, ;Ex_:t_ﬁwm%—-ay-—:kMT_mw-,—and—iMach‘ -

s

R fcase reach

e same conclusian. ‘\~f\\ . ‘\\3

.

N

There s a line whieh 18 ‘the graph of the \‘\’ -
sentence. In fact, given any “open sentenqe |
of the form o \‘g\\

. \“‘ T oax 4 By -+ C = 0,
*where A, B, and. C are real numbers wigﬁ

Atand ‘B not both O, there is a 11ne that ®

N

W

e

¢:~““”“-:”f“ 18 the graph Qf tgﬁ oyenwsentenoeA — ( Q‘\ -y

Conversely, given any linef :Ln the y‘pla.ne, &hﬁx‘e is an

\ open sentﬁnce of the abova romm that has the.line EY-R 1;3 gnaph.§¥
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Exercises 11;4 2b. T
~‘1. Where are all the points in the plane whose ordinates

i‘a . ave. -3 2 Locate as many of these as possible. .

N | 2. With reference to one’ set of ooordinate ‘axes, locate the

. set of points whose coordinates satisfz the following

ELAT equations, that 13, bhe points whose palrs. of coordinates | ‘ ?
] belong to the truth sets of the equations. L ci
. (a) y 5 - fe) ' x=0

() y=o0 ‘i~ (d) x=2 .
What 13 the- equation whoee graph is the horizontal axis° '

. What 1s the equation whose graph 1s the vertioal axls? .. f
o R 3. With reference to a set: of ooordinate axes, find the points ;i uf
< such that each has the abscissa equal to the opposite of “the ‘ if
ordinate, using all poeeible pairs of real numbers whioh-have 'ﬁ
meaning within the scope of your graph With referenoe to ¢ \E
"; ——the. same—axes,~locaze_the_points suoh.that~eaoh;heeoordinate :;
| ’ twice the absoissa, the points euoh that each has ordinate i ff
- Jag
T ‘that 13 the opposite of twioe the absoissa. What general M
‘*ia‘\ : otatemente can yqu meke ooaoerning these graphs? Write open - ,*§
j sentenoes for eagh of the graphozdrawn. . T ~1 e :
-k, With rererenoe to one set oﬁ coordinate axes, draw the graphs o
| - i : ‘of the following :  ‘F?jS~ - ”y~:;f‘ \“‘ oy, 1 '-‘ C ‘
(a) y = 3}! ‘“ . | . . : ‘ (d) y 33{. . .
(b) f& Gx ww‘fgwg;; T (e) ¥ = -6xf'e;"5‘_ o X
\ T : J.1 ;\\;\: N "
»m. yegE L ) yeagx ot
7 3 g N . ‘\“ o ‘* R . oo [ CoA \ \\, “ . . . .
‘ . # ; - I .
T _ N
* - @ . “# R
'I < ’ ‘n
N . \“ "'(' .
W‘\ - . s ': . 5{"




i o 420 .

. wnat characteristic do all of these have 1n common"~ How does ‘_\i*f
the graph of" (a). differ from the graph of (d) 2 Does the
~ same pattern .apply to the graphs of (b) and (e) 9 To the

A

graphs of (c) and (f) ? e E ‘ o \:i\\; \‘ff
- 5. With reference to one set of coordinate axes, draw the graphs
of the following, and label eaoh one: | T
0 le) y=xe 5 R ‘\\ (@) ¥ o=2x -5
(ib)\\ =x-—3‘ '.\(e) y=%x~+2
(c:) %+5 N €O N y‘s.»gx-e ‘
How does the graph of (a) differ from the graph of ;(b) o
\“\\\‘~ How does the- graph of (o) differ from’ the graph of (a) 2

" "How' does the graph of (e) differ from the graph of (f)~ S

w - °

. What 13 true of the graphs of (a) and (b) » and 2also of

“the graphs of (c) and (d), that. is not tme of the graphs

‘of (e) and (£)e ‘J‘
6.\ . gli’ch(:peference to a se‘c Qf coordinate axes, Tind tive points p
| h

s -y

\ ‘for ich the ordinate ;Ls groater than the abso:lssa. Are all

oi’ these points on one 11ne‘? ‘Where are they? What is the TR

” sentenoe whose graph 1s th:l.s set of points" .Where a.re the o -

n
v

. poﬂ.nts whose absoissa is less- than t@g ordinat‘.e" klhat is © ‘,\w.f |

»

 the sentence whose graph 1%3 this set of points‘? When we wish "’

i

- o draw- the graphs of sentenoeo suoh a,S\ *bhése » We ‘'shall

L 1ndioate the gra;'ﬁs by shading in ‘che portion of the pla.ne ;

. B X
" 3

T whioh oontaina those points wgose coordinates make the sent-

L -ence true,“as in Figures i an@ 5., If the verb 15\ "18 : \\- ~

" R T

greater than or equal to“, or Via loss t.han or equal to“ ,'
' ) ‘g L . . i N / & . N







‘ : - C ]xéi
s LT \ - I | R (f:;]}é
B A R B A 7~ S coe
L we make the‘boundary lineisolid, as. in Figure h\‘while the
. verb "is greater than“ or '"is- less than“: is 1ndicated by~ff
h :f ueing a dashed line for the‘%oundary between the shaded and \~ ‘~§
- the unehaded fegions as in Figure 5, In these two 1llustra~o§\ _
tions, the line is the graph of the sentence A =v3x.\'This
N \~graph, whieh is a line, separates the plane into two half- -
\ jglanes. The graph of y >’ 3x 1s’ the helr-plane suoh thet i} »
every ordinate is greater than three times the abscissa, the \ ~f -
kboundary line, y = Bx, is not included in‘the region and 1s, I
therefore,\drawn as a dashed 1ine. The graph or y 2 3x ie
“the half-plane inc luding the line ‘y\ = 3x; the 11ne 1s here "
drawn $olidly to indicate that 1t ig included. ' "
\955@; ?. \With reference to a set of coordinate axes draw the graph of i
‘ the set of points associated with the ordered paire of *f
nvimbers sheh thag each has ordinate two greater than- the B :E
absoiasa,, What open eentenoe can you write for this eet? w_,{*i}jaff
| Now draw the graph of the rollowing open eentenoes-fw m‘€ f~~‘:\f~fIV§
(a) y>:t+2 R (b) yzx+2. T
; s 1t poseible to draw both of theee graphs with reference %o “E ﬁ;
; the same coordinate axee? . ‘f \i 3]“_ = . DR }‘. k3£
) | 58. Given y etF;f ‘this sentence, 13 y ever negative° "~‘\ ' | i%
N \Write the solutione ror which the absoiseas are° esS, 1“ T ~§
| ‘0, l¢- ) 2, ‘h: Greph ‘the open sentenee ‘y |x| witnﬂs ;ﬁ
-;~—~~— S 1~~"1‘:.i'xe~*‘eon:£*:t:r1e1=.s “““ 0 ri‘your“cqordinate‘peper. T~ ~ *‘? —
’ ;{‘_ v . e . o * : J
o RS,
. L N i o
» L - ‘ . Lo X :
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In problems® 9 and. - 10t

.

LA

: o(i)‘ “%rite the sentence 1n the y-form.

which satisfy the equation. (Why do

more than two points to graph ‘bhg »'Iine" More -

- points are desirable as a che k )

(i:!.:!.) Draw the graph to :Lts r{ extent on

9 T ' & ® \"

(11) Ping at lea.st five ordered pa.irs of numbers

‘we need no

your paper.

'Y 4
N *
] N

9. . With re;f’erenc'e t,o one set of axeag draw the graphs oi‘

,?‘.- . . the. following“\ ‘ S T L e R S ot
‘(a) 2% - ‘y =0 § ‘ g‘(d) x + 3y N
%‘ ‘w RN *
(’b) 3x-y=0 L (e) x-y
"'&. IR ‘ ‘
. (c) x-2y=0 (f) x+y=0
‘ What 48 true about the graphs of! all ’chese open sentences'»‘ B
10 wn:h rererence o -one set of axes, draw 'bhg graphsf ST
. of the, follawing' | : ; : "
| “(b)\ 3?‘.*2:9‘?5‘"’
@) 3x-2;v N o
. What 13 tme of the graphs o:t' all ét'.heae open sentences? *
T N | . R
. L
S , 0 \: v
‘ Y n \ Ca ) ) '\J
N ) <o L . "k ' i“ ‘ S S
\ N - O _if‘ R
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_— - SRR B “\ . ‘\. . ‘ \] i . o \::\‘ - N - . ‘ ‘\ | - \. .
RETEI 11, Draw\the graphs of.each of the following ﬁith\referenee
‘*Z1g\ . to a dixferent set of axes.“‘ o o N - %

N R SN -
A ]

.<~ﬁf - J (a) °x:-17y = 1n\\:.; N f(c)\‘éx - Ty < 1hx_‘ *

R N @ oa-mypw

-t ° ’ ) N ‘ -
% NN h R . X . N

ET 4

\12;;Qw1th reference to one' set of axes draw the graphs of each ‘~.i‘ el
\;,‘Qf the :E‘ollowing R ‘,\w"‘ I IR
.\, ’ h (a) %{ - ‘Qy$ 10. " \ N ‘ (C) Bx *h y = 10‘

(b). 2x + 5y 10 .o @ sx-ny 6 ... -

” N -
. . N

~-

C :\ ~fﬂWhich point se@ms to lie on three of these :l.:Ines‘=> Do its \?g

3§ | ‘ ~‘e.oc:rd:!.m-a.tes aatisﬁy the open sentences assoeiated with | . ;§§
- Lo \ . S B

L RS these three 11nes°\ S \‘? ;‘C: RN \  ) :g \ T e

°

-
~

“;g .+ 13, ‘Withareference to one set of axes, draw-the graphs of each .
y“cf %he follqwing T o, " o S T w\f§

@ eswe10 e @) L

SRR ‘\-(b) = *”»Qy’ 5'“ SR \(d)‘ Ex‘i-‘ Ey*‘

N .

'.g\1a; Draw “the' graphs of the epen sentences. (Fiﬁa at lea \
s tensgxdered pairs satisfying each<equation ) \~ x

Y. »
(a) = (c, v = x'& 21 L

‘7$ \ ,\Ara\the grapha of these open sentences J.:I.r:es.'.‘J How do these

.\ﬂ.;7 \ open sentences differ fram those considered *n previous

kexercises in this chapter° Can we say that the graph of -

LA

every cpen sentence is a straight line?

N N
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. 15 In Figure 6 are drawn two sets or axes o aa\indicatéd§~‘the
S (x, y)-axes aﬁd the (a, b)-axesqg N

- Al N » . a“’

ga) ‘?or each. of -the points P through W, give the N
coordinates with rbspect to each set of axes, as'is

U indieated below for " B: o '\‘\ T




‘1e; o (b) Give the (a, b) coordinates or the points whose (x, y)
J' \ eoerdinates are (5: "'5): ( 3) 7')‘"): (“"l: 0): (3: 5)

N -
* . “ . .
? . . »

ll - 3. Slepes and intercepts. With reference to one

set of axes, draw the graphs described in (a) through {x). below-

(a) The ordered pairs of numbers for whieh ‘the ordinate is .

) -
»

N equal to the abscissa. \ o .
N P11 ;m the bla in the table belew eo tha‘c the pairs

satisfy the con 1on.

ot

N ..
3 | -6 ‘
A d N N N ~ -
J - . Vet
MY A

x \-67 S
¥ “6 “3 i 0 : ‘5.1 .,6 R

RS

These pairs have been chosen 80 that the corresponding . \ -
:points proceed frem.lert to right acrese the paper. o
" Now connect successive points with 11nea.‘ What seemg*mAhm“__h_
~~\to be true of these 11nes° Which points 1n the table i
" do not 11e on the line tﬂrough (»6 -6) and (6, 6)°

| the point (8 8) en the line? Extend the- line in both

L

q

: directions, as r&r'ae possible. \
| \ What is the open sentenee whieh deeeribes this:\u '_‘ )

graph for all points 1n the plane? What doea this 1ine f‘\~j‘§
4o to the angles ronmed by the vertical and horizontal 0

N axes? D

Bt A v emm e m T m o a Mas s taae e ke Sasmmiah am st m A aMte AN AAmA AN AR Y A e e Ae

(b)\ The ordered pairs of nnmbers for which the seeond 13 the
| fnegative or the . rirst. "FLL in the table beiew.

-

. . . '\ ~ - N B . ) N T R i . R . N . RN s
- N L . N . .

- TR 3
N Co e




‘"R LA 3 ‘
. 42y
: | x % -6 b3 S5 B B
y 5. 0 - -h
;§* “o - Could you. dqtermine pairs which fulfill the condition |
withcut making the chart? If you can do this mentally, o
you will not always need the chart. Can you draw a 1ine ‘;‘
’ﬁkrough all of these points° Extend 1t as’ far as‘ .
~ possible ih both directions. N
o | What is the open sentence which describes ;B;a’line? | |
How does A%-4iffer fromwthe open.aentence of the. line -
\1n (a)e L
‘ (c) ‘The ogﬁ;red\pair ror which the ordinate 1& twice the \
: abscissa.‘ Try to draw this graph without rilling a ;\ B L
chart of pairs of numbers. ~‘J \ L
| “\ﬂarm%hia~and‘the~°ne;\;hach rollow, mdke -a chart 18 _\ o
nacessarw. Draw 2 ccmpleta'line»to get all the possible points ;:\~:}H‘.\§
which fulrill the condition, and~wr1te the opan aentence which |
N dascribes the graph\‘;=\ : e ?;f ~§:7;
(d) The ordered pairs for which tha ordinatq@is six timea \ \ \':‘ff
"j)..‘ ‘the_abscissa, ', o ~fﬁ: ‘1\‘ A =
- ’(e) The crdered‘paira for which the ordinate 18 ‘three times ”\ ~_TAS
L AmgjhmuameWMum*,;.\d,; .;j;tMH;TMWfMWmUMMM;ﬁ;;f§

R | (r) mha ordered pairs ror which the absciasa 1a\<§%fi?aa B ¢‘ 

xha ordinate.~‘\\ L ‘“‘\”‘w o \‘,‘ T,

»?/-~~'i~




_-:»r‘ ) | 0 -~
oo w3 - 0 g '
\‘(g) The ordered pairs for which “the ordinate is' =3 times
; .- the abscissa. s j . ‘ NN )
‘ ‘(h)“The ordered pairs for which the abscisea\is oneuhaif‘ :
.. - the ordinate. S | R f
- ‘\\:\(1) The ordered pairs for whieh the ordinate 13 minus o
'one-half the ebscissa. | o | lf SO
~ (3) The ordered palrs ;f‘or which the ordinate is one-sixth
\ . \ N |
of ‘the absclssa. T S

(k) The ordered pairs for which the ordinate is minus'
?one—fifth of the abscissa. j ‘ ‘~f“f"

v

Exercises ll\; 3a. ~Referfte the graphe Just drawn to answer the
following queetions: (Notice that- each of the sentendbs you have
_written is in the y-form, ) IR f“ .

l. List the coefficients of x in’ the opendaentences for which o
" the lines lie between the graphs of Yy = x" and “x = Of{i\f‘ S

" - < Wnat do you ebserve about these coefficients? o ii

| ~i‘ 2,‘ List the coeffieients of x 1n the open sentences for which ‘;{
the lines lie between the graphs of 'y = 0" and My =x t/a; \5i

\~what\ie true of these eoefficieqts? | ‘ N ; - .¥

3. List the coefriciente‘or \x\‘in the open sentenceeefer which‘\‘s‘ Tf

‘ | f‘the.lines‘lie getweenatﬁe ‘graphs er\“y = Ot“and‘ “y;# ux“““ ~i
émmm“W*f““wM“What~is~true of~these“coeffieients?“;“’“”*1f““”f“”k‘ S f;
\: oy, ;List the eoefficients of X, 1n the\open sentences ror which ‘E
i“ S “ﬁhe 11nee~1ie\between the gpaphe orﬁ“yje wx" and5 O“;~7e;:*ltﬁ%
 What 1s ‘t'rug..;of these coefficients? . R }

‘g\] . o fSé) | .‘\‘5 L :5,“;7 - ,:j{%




R . ] ~ N o o RS A N - . . s« e e e NRCUIGH N
“‘\\ NI I :‘ . N - . R - . - . N N . R . S sy > RGN T g e T

¥29- . . 11--3
5. Where would you expect to find the graph of each. of thejj
B ﬂifollowing open sentences: y = ‘ﬁplx ,\ ¥ o= S100x, ¥ = »5&&\1

e Q“ _ | a<2£ L gux S 25x 0o . L
e AT Ex’ YR Yt Y oE -

6. Make a list of information concerning a set. ‘of lines on’ the e

;3 >

.

origin. (Note a point lies on a line and a 1ine s on, or

lies on,. a Eoint if 1t passes through the Rgint )

\73; What could you say about the graphs of equations of the form ‘ ﬁi
oo s y kx"™, where 'k is @ real number. ‘ “ I B . :
< t ‘ What do you know about the graph of "y = kx" when k isfaig s

. posi’cive" When k is negative? ‘When k 1s between 0 and e
1 2 When k* > 35.3*.{ “When k < -1 7 When lkl > 19 R
| When lk]\ < 17 When\‘k 18 0 ? S co -
f‘ ‘ Since k determines the direction of the line, % 18 ~“i‘?
~ oalled the wg_ of the 1ine “y kx"’ o Lo
\§4+¥ffwfll«~—~~\1n the Qreoeding exenoiées we have ‘been: considering ﬁ\
i§\ | open. sentenoes whose graphs are lines through the origiﬂ; No*w~ | Fff
f ; let us consider ‘some lines which may not 1ie on the origin. Graph ‘ :,f?
’ . *  the following opon sentenoes with reference to the same coordinate \
| axes: '. L o o Qf“
Vo @y ==-§x SN \‘(b)r y=%x+r (c) y = 5:: : 3
For the Tirst of these no table of valuea should be . \f‘: : ‘;f

mm;ﬂmthgggoogg?y. We need simply note -that -the ordinatq“must pgsg of : o
| the abscissa}, In order .to get points which are easy to locate we: | :
oould ohoosg multiples of 3 for-walues of <x.: To draw . the - \“\ \;{v;mig

*i &i\ graph of tha second open sentenoe, we’ should note that to each *‘ff\ii\f

— “ . - = - [SeS.

60




- >

ordinate in the graph of the first«we add M. How could we find

~_the ordinates of points for the third open sentence° ‘ﬁ“
. ! ““ \ o What are the ccordinates of the points at which lines ‘
‘ :(a), (b), and le) intersect ‘the verbical axis?* Do you see any

-
relation between these points and equations (a), (b), and (c) 9\

T ';'”"*Wé call f; S : ‘ ‘ *

-“" N '

» ‘ . T o s .
h . N . -
. ‘ N . N R ;) R
N R . ~
. - )
‘ ~
. % e.:
‘N .
’
-
Ny
. N N .
R B
LN .
.§ :\ » B
. -
L -4 ) .
. g
?
]
N »
. N .
3
N ]
.

- Figpre 7 v
S w_ﬂ, 4 and a3’the ]9§£§ggggggrnumbers»of their»respeetive~equatiuns; ST

Points (0, 0), (0, 4) and (o, -3) are- the*xrintercegts of the ¥xv}§ i

S respective lines. Explain how the graphs of “y =‘§J!+-h" ‘and - f\;‘ﬁiiﬁ

"y = 30c~ 3“ conld be obtained by moving the graph or Ny = Bx "

.
- 3% ;
N - * . i o R E N ‘i“‘
. 61~ R
N . . . N . . . .
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@ y-form, o S N P ; L

‘\\ gl ’ o o . R } - . \ } . \ . ; .
The slope may be\eithar poéitdve, negaﬁive or 0;‘)For what ‘
.positions of the line ié the élépe negative? 0?

. "is the quotient: |

BT £

1

& -

| ~ Write two open sentéﬁces\such thatfthé absolute2Value )
of the y-intercept number is 6 and the coefficient of x is
%%* Draw the graphs of these Open sentences. |

& In the.figures which you drew at ‘the beginning of 'chis ‘
secticﬁ,\all of the lines had the same y~1ntercept, but many ~§ | i =
different slopes. - - o R w . L

~

" The glope of a line is the coefficient of

x  1in the corresponding sgntéﬁce written in the \‘

- ) : L X

\

\iﬁ . - Given two, points P and Q on a line,.¢ L
| the sloge of ﬂhe line 1s the’ quotient of the = ,/”/i: S
- vertical change by the horizontal ohange as |

we move: from P %o Q. U "\)\.‘~ N

-, S
In Figure 8 we have a linesmhich is the9graph of 7\
éac -3 ' This line passes through potnts (2, 2) and x

(u 7) Verify this. e ordinates are - 2 and 7, respectively,

and their difference, which 1s the vartical change, is 7 - 2, T
r*~5 The' abscissas are 2 and- a respectively, so the - f - :
horizontal change 1s 4 -'2, or 2. Thus the slope or the 11ne R

. : : .o 3
%
. . 3

’ ) ’ O 7 F 3
7 S o SR
3 i : S ‘
! ) N N
i ‘ i .
0 | -
i 62 ; B e
s -~




| ;‘Note the order ohseg'ved in finding these difi‘erences. Zgi‘ the
. first numbeif in the numerator is ‘the ordinate 7 ‘of tha p?int

L ) RS ) -, : . .9 X
- » - . 2 Ay ™
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¥ . ®
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.
1
/
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. ‘/ 3 . % . . . v,
B N © ../ Figure 8, el o .
. . . . NS O . v
‘x\:\ ) . .
- - N R
IS » ’
L3
) |

R

%orizongg.l\ change = 4 .2

. . . N . . ” .
vertical change 7 - 2 ;\ 5.
2

e

L N

s

- .

(h 7), the first number in the dbnominator must be 'the. abacissa

we used as t%xe first nwnber in) numggcator and dexmm:!,natiar t,hF
_erdinate and’ abscissa., respectively, of the po:},&t (2, 2) ‘? I&[owg!r ‘

[
;21 of the same point. Wha.t value would we find for th slqpe i

\

~.
N
- ey - e . [N
s 3 »
] e O R SRR R ta—:i:
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. 4'¢§

Cponts (2, 7) ang (7, 3) 2

N R NN N N N . . ~ . NN N ’ A, "
same? " N 5 _ . e o ..
. ? 2 . N N
.

\ whas are the coordinspes~of Q ? Now what is the equation of this :

~\0ne is to determins the coefficiggf\ff x S id the yuform Qf its ’, B

.another on tne\line.‘ How do we. kncw thsse two numbers are the ¥

i liné\in the‘variabiés a, b-? Csmpare the coefficient or a in .
B this\equation with the cosfficient of x in ths y-form of the }‘;g;;g

o

would this value compare with ‘the value- just found? Wnaf is the

slope of the line on tne points (6 5) and (—2, —§f\?\

ne, o

Here we’ have two ways of. finding the slope of a line.

equation, the other is to campute the quotient of the change in o ;\@9:
ths ordinate by the change in ths abscissa from one point to plo

o Consider a 1ine such as the one dra \in Figure 9. o §§5

\ o, Co :
through pdbints P and Q. If we let P ,be the orig{n of a set T
of (a, b)—coordinate axes, thes the line passes through the~‘ o

origin of the (a, b)-sxes.\ With reference to’ ths( (a, B) axes,\

equat&on. On the other hand, the quotient of ‘the’ change in- *- “;;fgﬂ;§5

\‘wiordingke Ky*the change in abscissa from P to Q is -§°;\ Is\‘fa ‘.;\‘WQ

2

' this the ‘same_number as\the coéfficient of a: “in the 2, b

\‘equation of‘she linev How could we,prove these two detersinaﬁisns
\ \ . - ot . - . .
of ths qﬁope to be the same for any i&ne° IR 5\///\’;

*

: Exercisss ll - Sb - i S | \i\‘ff. f\\\ f;
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~:3(a) T, -3) ana (6}\1‘\2)\ (e _%"
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(). (8, 6) ena
@ G -12) and
(e) (¥, 11) wha
() (67'5) ana
RN ,(g) \““(0, 0) : and |
(n) .(o, '0) and .

e . ‘?‘a-)

O

—‘-»—maf»u»wptuu-&u“!:‘.d{s ‘.3) R RN o - P

N X t . ‘ \- :‘ L e . - “ Cl “ T s ‘\ S :
LRSS S AR Figure 9. - R T

Y N
. e - - . R ~ N N
. ol o VL . ¥ . . -
ot

~In. Figure 9 we note that the slope of the 11ne is

'E.‘ - S-3!
6~ (1) -
find:l.ng “bhat rrqm z(--ﬁ? ’ \»3) to (6», 2) there are 5 units :l.n

gthe vertical change a;md ,13 un:l.ts .in the horizontal ﬁhange . It‘_'f

or ) 'i% . We- fcauld a;;hac.kgthia by counting tha squaras,

a
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would be possible to write the open septence of this line with a

RS

. bit more 1nfbrmation, that‘is, ir we knew what the y-intercept

AN

Ce \ number was. «>‘§w

slope is

qﬁ

;—"
- v » .“ . N 3

*! .\ In the case of ‘the line in Figuré 210" we note that it

passes through points
6 - 2

(-6, 8)

OIf~*-§.

and ( 3, 2), SO we know that 1ts
Alsa, it lles on the‘points

11 -3
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Figure io,
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rrom which féct we céu;d again determine the slope to be )

v

(.%)-_(;2) v: = B % '*'E' » vghicb J.s the same regult a.s that ro‘

e B o
51 bafora, So we know that y 2 - 3-:; 1s the eguat:lon oi‘a l:l.ne with I
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help us to draw lines.

- y-intercep’e number 6

?

[T VRPN VIV SOV

‘

A -

A

Suppose a line has . slope -% and

the same slope as the one we have in Rigure lO, but which lies on
| q\the origin We have shown that the y—i‘tercept number o the line
1n Fig;ure 10 is’ “-\-2;\ hence, its eq‘t.ua.t:m~ is "y = --g-x - 2" .,
What is the equation for a 1ine parallel o the- 11ne in Figure 3.0,
but. which lies on the point (o, 6) ° ;
\E:';érfcises ll - 3¢, - ‘ AN |
1. - What is the equation of g line on :t.he point (O, 6) and‘
. ‘ parallel to ‘che l:!.ne whose equaticn 13 %x ‘2 ?.
2. ‘What is the’ equation oi‘ a line parallel to y gx 2 .
gand lying on the point (0, -12) ? t‘ ‘ \
. 3 }Iha.t 18 the slope o;t' all lines parallel to y m»%;x ®? .
: Ty, \What is the slope of' all#iines parallel to y = -?x ?
o 5. ~Wlma.t 18 the equation of a»-line whoih, opé ,13 -é’--aqnd N
‘ - ‘whose ;y-interce,pt nmnber 13 . -3 ? .
6.3~ \ ‘What is the Open sentence of‘-» a line whiah passes through
U (h 1) and (2, ll) - and has y-intercept (,ﬂ, -3) ¢
3 Lo R
T What 1s the equation or the line which lies on (5, 6) tagzd )
‘ (- 5, ~1) a.nd has y-intercept nmnber 0 ° o “

~ Now let us see how* the slope and “bhe y-intercept can

Let us draw the’ line as ‘well as wri;g _133

open sentence.\ To draw the graph, we start at the y-intercept

(0, 6) ~ Then we use the slopg to laca’ce other pod.nts on the J.:lne. |
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’I‘he fa.ct tha.t the slopﬁ 18 »"'3;' means that we shall :E‘ind aneSher~ e
t

¥ o X BN
N o
N

?
N N -
. Al N
) . N N
A e
. . v - *
+ -3 - F » +
o T A .
. .{' - N X : . >
» ﬁ AY N N
- R T i ~ - ]
N » LSS . Vo * - st
b . N . 'Y LT
N ~ o M.
Ol N :
N L]
o B t g v . -
< : 10 >
. ! . N
N : N
. . : . _:
. * N .
N NERN [ ) .
Y N 1 N -
8 P } ™ :
L B :
A s i N
. . § RIS N
sy .
N HEE B :
- N A% :
. . » :
.\’ R L3 :
X - . R K
* X ] *
< . . > i *
. v :
. . R ; N :
- 3
» . » ® - - . » l
N . . . . R . :
® 5 D - . i oL . S » " RN ) " o ’ ! .
¥ e N . v . . . BN . o
3 . . ? N . :
3 o . R 1 1 L. - ® . . B
rON : - : Fgure-l. R S RN
toE * e . T . : - . D, N . Ca 3
S . R ~ . . . . “ ! . A N 3
d

point o—f the l:Lne three units to *bhe left of (o, 6) ‘»and |
‘\units up,- and another @oint three uni'cs to the r:Pght ar;d two un:l,ts

' down, - St111 another is 6 units to the right and s un:lts down. | |

f‘f\f:See F:Lgure 11 We can repeat this process a;»\ often as we wish, Gt

\a.r;d quickly ge‘b a succession of points ‘thraugh whi'ch we may draw

the 1ine . Write the open sentence for the line. How wcmld we

havawchnsem the_pointsl with mspect to (0# 6) £ : had

- peen %? What would the open sentence of this line be? S
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B N KN | -
S B T < a : ;
Ekércises‘llc-\ﬁd.
) N .1 With rei‘erence to a set of coordinate axes, select the po:mt \
(-»6 »3) a,nd on this point draw the line whose slope 1s % o o |
L What is the equation or this line° A B \

R 2. Draw the rollawing lines‘ o | \ . !
\;:; (a) on the point f(-l 5) With ‘slope {%j‘:\\°\\ L } ~ 114
. e L°(§)~ cmhthe oot (2, 1) with slope --%{i‘~‘\ R

R o (c) on the point (3, 21) “wi'ch slope 0. |

.3 IS . - . . »

\;-‘\“~;v (a) ~on the point ( -3, h) Wifh Slope 2.

o (e) bn the point ( 3, -JL) with no- slope. (Wha’c type oi‘
e ‘\ “sline has no slope?s What is’ the dirfigence between N

‘ ‘ . LI . : . e
- R {Ol and g . T
e " o \34 G L c. 3 : . : .

T30 Coﬁéi&iéi’*‘ tha 1ine~an the‘poin\ts (2, \-1\)“ and (é, 3)

. the point (-3, -9) on this 14rd? (Hint: determine the B
;‘ ‘\ slope o;f' th@ Jrine on (l,_, -J.) and (3, 3); | then deteminé

_ the slope of the line. on (l, -l) and (-3, -9) ) |

4?\ (a) What do the lines Whose open sentences are "y =",
SR . ™ . E
- ~\ e o . ‘ . 5353” N “y\ = ,6x . “y\ = %ﬂ have in aommon?

' \ —~ . Voo co A * ‘ * : .

(b) w*hat: do the linea‘“#:hose open sentenc’es are “y\u Ex - 3"

e S
| o f’y\,;r. %x % l&“ .\..\"y = -5- 7" have :m common? S .

{e} - What: “do- the 11nes‘whose “open sentences axae y %-?x 3" R
g ‘~.=. vy o ?3";-‘15 3", Ty =‘3-?-’5-\- 3 ha:ve in commo ? . .
» Ji'f . o N *~ “‘“\\ Lo e - :‘ . . : \\ H‘Q
» . ’ - ,”) ¥ a Suoeor \ i
» ‘.' R ? *. ‘a RO o
o | el
v .- \J : o ' {):' ) U‘ .
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~\w:c':!:l;e ‘the equation of each of the following lines..‘;‘

f&&&t ’J?lme\s\lapa:Ls'~ p?;fand'thq‘yuinteécept numbérﬁié:-i

A

(a) The alope is %» and the y-intercept number is 0 .
Gb)‘;Tqégslope\is‘ %? ayd*the y~1nterc§pt;number‘is -2 .

3
(d) The alope is -7 and the y-intercept number rs 75. R

(e) The slope is m and the y~1ntercept ‘namber 13 i S

Can the equ&tion of every*straight line be put 1n thisA\.

form? What about the equations of" the coprdinate.axes?
\~" . ) 2
N e
N .. li\l -

’ L R
v ) » \ ‘ C * 0'
.{d) What do the 11nes whose open sentences are "x % Ey = TEx '“ B
\ "éx -+ y== 3" ‘ and Ex +. hy 1e” have 1n common°
- Show that yaur answer is cbrrect by drawing the graphs‘~‘ 3
. of these three lines., - | R ‘ )
5. Given the equations. L o {‘\ s S
| \(a) ?BX,f Ay‘=112f - \ ‘:\‘KB) ex,4°3y =6 - -
. - \ . e b N . A
What 1s the~y-intercept number of each? Draw their graphs . .
‘Write each equation in the y-:fo:c-m * What 1s the slcpe of each
. 1ine? Check with 1ts ‘graph. S S |
| 6.\1_Wr1te each of the rollowing equatfbns in the nyon@.* Us§ng“ !
\ the slope and the y-intercept, graph each of tﬁe\linés.l" . .
: . 2 . t | \ ;‘ ’ \ - \
| (a) 2x~-‘y =7 - \(c)\:hx + 3y = 12 e
£y ) ) ) ° \ . . ,‘ 0 N ) X \ . \ " » °&f
(b‘)’t’Bx-lly=‘12\ ,\\‘ (d) 3X-6y~=12 ‘ . . DI
. . L ‘ N N N NN “ » ..
- Are you certain that the‘graphs -of. these -open sentences are - o
. 9 e SR : ~_‘-\.:‘ :,
. lines Why — ) s -
. % it Y
Te" -
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' 8. . Given points (o, ”O) and (3, b) with a line on them ‘
What 1s the slope of the line? What is\its ynintercept?\

ﬁé T - \*\Write.thé equation of the line.\

f"f' \‘9;\ Write the equation of the line whose y»intercept number{is‘
| 7 and which" passes thrcugh the . point (6, 8). What ls the

slope of the 1ine9 Could you write the slope as. \é}iligi? ‘i

10, What is the slopexof the line‘on (-3, 2) and {3, -u) 9

L CIf (x5 y) is a point: on this same 1line, verify that the -

>

N slope‘is also 2;;~§m§T~ Also verify that 2¥~ni~»)- Jis

thé slope; If -1 and -1%T~§§ are’. different names for . .

: x - (-3 S
- LT the slope, show that the equation of the line is ‘ . ;
ny' Lo é -l)(x + )". Shpw that‘it can also‘be written

IS V%+ﬁ¥(dﬂx-d” BN o
\\‘,‘o\ . ﬂ ) ~ \
N . 11. Write the equations of the lines through the following pairs

. w

~ of points.

- _7 | ( ) (o '3) and (-5, 2) A‘“?e) (‘3, 3) aﬁa ‘§6; 0)‘7 | |
f;\‘ ) (5, 8) ‘and (o, -4) “(£) (-3, 3) and 5y 3)
ot (c) (o, ~2) and" (- =1 (€) (-3, 3) and (- 3, 5)

;\(dl (5,,-2) and (o 6) ; o §

R

1 *
R

.l§;~°Ahy exﬁression 1n one variable-&x Of the form “kx + n .

i s b s v e
——— v S TN — A e e FESIRS. I RO — L VR

-y 7 whereu k and* n are numbers is said o be linear in X

., and is Ealled a linear ex pression in X, since the ggggh of

nha open‘sentenee “y - kx'+ n'" 13 a straigh% line.  The - ‘f:g

. ) *
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B
%

W,

. sxgression “kx + n", Draw the graph .of each of the rol~ .

“lowing linear expressions

13,

. 2 S 11 -3

graph of .My kx +n"  is also called the‘grag of the

@ -x-5 Y t(e)Ex-1c T
\‘\(b)~_~QX+%~'\\ | B _ (d) \__g_x.*_?‘ Ce

Consider a restangle whoss lsngth 1s 3 units greater than its
width w, . e

N

-

(a) Write an expression 1n w whdsé"vaIue'Tdm each valus
.of w 1s equal £0 the perimeter of ’che rectangle. Is

this a linear expression in w ?

“\(\b) ) Write an expression in w fc;g ths area of the rectangle.

o ?

\‘ Is th:ls a 1inear exp;cession iﬁ w?

\ N . s ] . N N ) T \’“

Cbnsider a clrcle of diameter d‘

A

{a) Write an expression :’Ln d for the circumference of the

circle. Is this expression linear :!.n d ) What: happens .

to' the cirsumfsrence if the clia.meter is doubled?
~Ha1ved‘7 If c is the s:!.rcumferenére, wha‘li can. you say
about the ratio %" How does the value of T change -

- when' the va.lue of 4 is changed?

() Write an expressisn m d for the a,rea of the circle. |

\ j\ Is this expression linear in d E: Is :Lt linear :ln“
2 v

. 4a I A ;Ls thg,_ama_at_thanimls, mha:hm you say

“about the ratid g ? What about the ratlo -‘-‘E- ? ‘Does
the value sf ths m‘bie 3' changs when the value of ﬁ

is changed? Doss 'chs value or —% chs.nge when d 1s
schanged? S e v | : .

*
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xl5 ®In the ease of the specialdlinear exnression "kx", ‘the value

~of the expression is said to vaex.directly as the value of .

tﬁe variable X. The coerficient k ls called the eonstant

Nt

of variation. The value of the expressien kx2 is said to

vapz_directlz'as the _gpare of the value of" Xe

(a) Dees the eireumference er a cirele vary direetly as the\

.o . :
\ dlameter? What 1s the eonstant of variation 1n ‘chis~

case? Does' the area of the eirele vary directly as the

\diameter° Does\the area vary direetly aswﬁhe squape\pf

“the diameter? ‘What is the eonsta.n}i ofvardation? -
oo L 3
(v) In terms of a graph, what does the censtant of varlation .

'mean°

.
> 2

\ (c) If the constant of variation is neggtive, W t ean yeu
- N,

l say as to ‘%the way inﬂwhich the velue of the expression

varies when you change the value of the variable°

A ¥

(a) What would be the ferm of an expression in cne variable

X sueh that the value of the expression varies direet y\

as the square root of x ? N .

\16. An eutemobile is meving at a eonstant speed along a s%raight
road. If t is the tlme in hours eince the start, write

an expression 1n a1 whose value 1s\the-distanee traveled in

‘fmiles.‘ Is this ‘expression linear in %2 Does the distence

.

®

~ vary directly as the time? How ean you 1nterpret the con-. ]
staiWof variation in ‘this example? If 1t is known that the
eutomebile heseeweveled 25 . miles at the end of 20 mdnutes,\‘

-~
‘what 1s the eoné%ant of variatien° I

73
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. 7 . i .
T S
h i?.° Ih‘the case or an expression‘bf thé‘form:_ﬁa the value or .
the expression 1s said to vagx 1nverse§z;as the valué of x.
““ The numher Kk is the constant of variation.
é (a) Draw the graphs of the open sentences. | y =‘%-;

(b)‘~If the variable x is given 1ncreasing positive values,3‘

~what can you say of the values of §y. Do,they 1ncrease

¥\ “ or decrease? Does it mattexr whether;;k‘ ;s pgéit£§e‘dr
| negative? | |
.

18. A rectangle -has an area of 25 square units, anﬂ'one side has \

length W units.‘ ,ﬁ*~ N

L : (a) Write an expression in w for the length of the other o
- ! /\?e. .. N N \‘ . . ,.‘ \ N ‘ \ _ ) ':1 ‘_
o (b) 'Is this a case of 1nverse§pariation° wgat 1s the B

N constant of variation”

~

"\(c) ‘Draw the‘graph of the}exg?essipn ;n‘ (a)ie‘ L oE——
11 - 4, Graphs of o open sentences 1nvolving.inﬁegers s
\onlx. (Optaonal) I drawing graphs of open sentences, we. must i

'

keep in mind thatgevery point of a graph is associated with sqme
pair of real numbers. Suppose we consider a sentence 1n whﬂch -

the va}ues of the variables are restricted to integers, 39 that

the coordinates of points on the graph %gst be 1nt£gera. ‘What '§Qfﬂﬁ§§
would,aueh a graph look 11ke° B S . S - ‘\\ o ‘:l‘\;i@
. R \ : ‘ | .
* | \ .
) ‘ .




oo '?;1\,~& - f~'\\ \? \o ‘o#huff ;f “w;f‘

C L 4; %irst 1et us consider the coordinate axes.  Would they
| still be: straight 11nes° It seems that they are .sets of points

;;\such ag (0, i), (0 2), (0, 3), etc.,~since we are restricting

\ourselves to 1ntegers, and’ we might wish to distinguish tﬁf axes
~'\for such cases from»the coordinate axes fox all real numbers.
\ﬁowever, a’ serjes bf,ggi: would be apt to be confused with the

\;ngapo itself; so we use ‘ series of short dashes for eadh axis.
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Y

Figure 12?2 In determining this, we first note that the graph "

A

1nc1u&es pointg with integral coordinates only, and second that

w

.i aach ordinate is the. opposite or the corresponding abscissa.
B o \\5\‘ L oy b Ll - ‘\?\“

%f-—-44~“m91 ‘Whgg—is the open“sentence~aasooiate& with the~graphwia\~4wi7
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This may be- stated as follows' y ;gix;“wﬁére X and' y are

integers ‘such’ that —lO < x°< 10 " and ~-10 <‘y {lef‘,‘&‘ e,
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In Figure 13 the arrows 1ndicate that’these points\may

.

. go on beyond the 1imit of hhis diagram. \Note that there are no’ . i

1

. . points. fcr x = 1, A = 2,~ x =4, x=-1, and.others: What do.
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S you notice about the.ordinatg correspoﬁding to each abscissa, if
'\fwe assume that all th& points lie on a straighﬁ line, as these;

\paints seem to 1ndicate? - We wpuld write the open sentence._\

e‘“;‘ ‘ y 3- where X anﬁ y are 4‘ﬁage "‘Q Why can the abscissa e ;1‘ _%

.. - 2 X o :

L not be l or 2% . . _,"‘5: S ; - ;,\
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B SR o wg
R Coﬁsider~Figure 1, For this set of twelve points 1t
‘seems there 1s no simple open sentence., Csan you describe the.
\ 2

limitations on the abscissas° What stagement‘can you make about

‘Lthe ordinates° o .
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These racts could ‘be stated 1n a campound opeg senﬁeﬁce as-

-;rollows.\;"l < x < 6 and 1 < y < 5, whgre ‘x::anQ» ¥y are

' integers"” , Li AR L e .

~N
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. l\fét‘ice that here the éonnecﬁi\\ra\ for ‘the compound. .
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N

sentence is and; note also that the pointié‘ﬁﬁose Yoordinates -

\ make the\\ s\en\gence %ue are only ’chose which belong ‘to the truth

sets of both pa.rts or ‘che compound sentence.

©emeas

I

tal rows of dcta could be the graph cf ‘the. sentence' "3 <y < 73“: -

.where x and y are integers" . 'I'hen we write a sentence which.
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In Fin;ure 5 a dirferent situation exists. Let us ‘see

\~what open sentence will describe\ t;h:!.s graph The three horiyo((
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:Cdescribes the three vertical rows of dats" "1 <~x‘< 5 ‘where
X and y are integers . The open sentencg which describes the

fi‘ o ﬁ~total set\?f paints is “l <%§ < 5 or 3 < y <*7, where x and

) A o
A L xy are ihtegers“ Another way of stating this would be: =
N “2 < b'd < 4 or 4 < SRS 6 where x and y are integers“.‘

. ‘Notice that the connective here,is gg, @nd that: the graph ;; e
‘ ‘fincludes all points which belong Yo the truth sets of either\of

‘the two. parts ‘of the compouﬁd sentences, or. to oth of them .

~Exercisesfll - a.&;; o S oo s TN %

L

. 3*
L

1. w1th referenee to. separate sets of coordinate axes, and»ﬁ&rf

X, andwy 1ntegers, draw the grap% of each of the fdilqwing SR

AT (a-) V=5, for -6 <x. <6 | s
S N, o v - R .
B ¢ ==3x-2 o | R N .

S L .. : . L N : -

N

2. Draw the graphs of each of the following with reference ta a:
\ o SRR N v‘
separate set of cocrdinate axas.\f L
(a) . =3 <x<2 and -2 < y <i1; nWhere"x\ and y\_éréM\

~-

?\: integers.
“f#;w\\_f - {p) 3¢ x < 2 iﬁr ;féi< ¥ <1, where x and &a.aref

. Nintegers.\ | I | IR e

S (c) k) < x< 6 OFmalwngTSHB,Wﬁwhere x_and y are

2 LS

1ntegers. : f;~ o ‘\V~\ \ ;
L 2N \ ’ . . 3\ \‘ She— AN /

oo (d) 5 < x < 5 and ¥.= 0: where x aﬁa\\y are 1ntegersw‘ﬁ*“
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asL ;o - - 1 - 5 “ee§
.w1th reference to eeparate eets of coordinate axes, draw the

j‘ \ | kesraphs of the following: -~
S (@) x o+ 5‘

—(b) X+ y = 15, where X and 'y are real nnmbers., : o

= 15, where X and - y ere 1ntegers.

| - N - .
T Ho do the graphs of (a) and (b) differ° Name some

points on one graph which are not on the other.

.*\ N ~

N (c) x + 5y = 15, where x and y are rational numbere.

e How does thie differ from the ether graphso" T ﬂxofy)J“ B
N \ " . A

is a poiqg on the line X + Sy 15 ‘and 1f\»x; is

Lo ‘.\rational,_what

L

ll - 5

Gra s of o “pen sentences 1nvolving.ebsolute ;
n‘x{ 3"‘ ‘

x = 3 or X =

vy

Thie sentenee 18 \ \
3“~‘ What would 1te L
"x > 0 * and o

R value. Coneideg the equation
\ :equivalent to the sentence

A graph look like¢ First consider the graph for
lxl = 3” n = 3",
a streight line perallg? towthe~verticel axis and’ three units to

ir x< O and lxl

nemely The graph ox thie open sentence 1e

" the right of 1%, But » . then x = =3, J"
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_Hence, the complete grqph of \g f" <e‘;
le': 3 consists of two lines which are the graphs~of

e . ) y

Nx ‘, -3“9 as in Figure 16 "Describe and draw “bhe graphs of

three uﬁits to the left*nf it
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 that ‘is, of

AR I TR
o ’Consider.éﬁe graph of the open sentence "{x - 3]

T
t,,.‘ ‘ [P i' A "~ *

RVSINE This sentence 13 equivalent to, "x - 3 .2 or' K
2“

R

e N S e

2!1 . e

* Sy,
3 - Wha‘t: would 1;1:3 gram 100k f:!.ke" Firet consider» the

R A

open sentence 1s a straight‘line parallel to the\vertieal axie

 ‘add fr:we. unitts 0 the righg of b: He graph pf “x - 3% -2",

~"x*— 1" - 13 a line parallel to the vertieal axie
-t to the right of it.

.

aﬁd*‘l¢*
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N * L » -
= 3 0 . d *
Y . by » »r :
. . LI X 3 > *
TN
. . Y Yo »
\)~“ (Y R [ } ’ : o . 2 . “"h
X A L0 R v R N 0 . - Y )
S = N LI

~Hgnce thg coqplete graghft‘i?

s S

¥




) - . . N .
N )
: -’11 - 5
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of ';]x~ 3! = 2" consists of two" lines, one the graph of "x = 5"

and the other the graph of "x = 1%y as 1n Figure 17. Check on \
' the graph ‘that one of these lines_ is oy units ‘to the right or ‘
x.= 3, and the other 1s tWQ ut}its to the, left of Xx'=3.. .
h A ) DR LI .\ o ) o ) ) )

Exercises ll - 5a. f , .
. ‘ . ‘ . . . . ..\ N . . .
S ';L. Draw ’che gx!aph of each of the i"ollowing open sentences with Y
SR reference to a different~ set of axes. |

w fedee o 0 ) men-e .
| ‘~ (b) ly . 2‘ ;“ & e B (e) ix :‘ 31‘\; 1 . LI - .

(0) h?] o i(’f)‘ ly +“2[ =3 . L o
~2 7 “‘Draw the gr&ph of each’ oi‘ ‘the following oﬁen sentences with - N

-

S A reference to a dii‘i‘erent set of axes. S e e
R . S ey

\’;”i(wlﬂ>z\“5??:«¥\ e e
ookl Do e .
S (@1ﬂ¢5~Tx»fﬁqJ%”34Q,\ L
. - o . ‘,‘ . . . >

- 3° Draw - the: graph of each of “the rollowing with reference to a ‘
diffarent set\ of axes.. . ,/ ‘

L A DR : ".
¥ N

- Ty

ﬂt(wy>a+u~a\ af @)yz~~1i\j*k\.¥
s T (b) y < & 3 7 S (d) ¥ gex -1 ) ‘

.
» \ ...:«’

_l}‘. Dra.w the graph of - each of the fallowing w:!.‘ch reference to a L
e dizﬂierant set ef axes, * e — i L

A}

'
»

o . .y . . . RN
(a) 2x+ y>'3 e () -x-ay_g_ll_ U
b “ . T R > . , . * . R o el
. . ,' Lo = U v 3 N : o e DR LR
s (B) x1+ Ey }_ " (a) _~ax - _g 3wl .
- . N - - » AN
. N L ) ’ to . K ‘: oot AN e
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’ ,5. \WPite the open sentences for which l;nes (l), (2), (3), an@ - -
\ (1) in the figure are the graphs* Notice that (h) actually \if\‘v'nig

o . ‘ S N " .:"‘\~ F e
R is a palr of lines. - » ‘ \ ;

~» N N
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i . - Plgure for Problem 5, . e,
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.6, ‘Draw, a set of coordinate axes. With reference to thase axes,

locate three points’ ﬁram ‘each bf the sets described below..‘\ L.

{4 For each set draw a line through the’ three points.» P
- (a) The gecond coordinate of the ordergd Qg ‘“iﬂigg.thg »wﬁ;gfe
+ ‘ o ) fil‘st ) ‘ ' ; B ‘: . ’ _ .\ - \ ‘ “ . “'\. . . ‘ L .\ t

(b) The second eoordinate of the crderqd pair i$ 5 more f\ VTR
T ! ;;*f~ than Qneuhakﬁ ﬁpe first }y s s‘ SRR T~ R s

- S
(c) The second coord*gate of tha oggered pair’ is one-half e L LT
' . . o ‘ . L. "» o ": PR N R - . ;.\ o v‘\;~ e T ‘\" . R

S I B ‘j % T ' e T e .!' : ’. N i . .’
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the flrst o o . o

: t-.
.

(d) The’ second coordinate ‘of the ordered pair 1s the’ oppcsite
~ of the f.’mst ‘ | . SR S

y o
[ .
. ’
. . N >
- . .

'~ . Let us consider the open .sentence Ny = le“ Whether

3

: % E x is positive or nega’cive, what is tru.e o:f' the absolute va.lue of

E ]

o x? What, then, mst. be true of y for every value of .x excep%
o Hha‘c is the value ‘of Y 3'f0r X = 0 . —t

D x | -3. ]2 | . 0 ?1 2] 8 . T
P s ps {recpr ol fe s pe
“ s ~ From Figure 18 we notice something »new to us.» "the '

. \gra.ph Of the simple sentence “y 131" turns out to .be’ th‘two -
;sideﬂ of a right angle. Can you guess why this 1s.a ‘right a,ngle?

‘u’;ég Is 1t\possible %o have a simple equation whose sraﬁh woulﬁ be, tWO
o lines which do not form a right angla? Suggest one. T

* R .
\ N s
. R . SN
N L] ¥ Y N .
; LN N - N . N
. '~ N . . ~ . . N . . A ‘ N ::; “ N v \f
d N N N ~ AN N RN N £ ) N - NN
. ‘n_ . y . v~;« S TN .
‘ ‘ o ‘\ - o - o »~ -« N B \‘ ) N ~ . S N N s OEE
N ) 1 . ) N . N R N .t N g N N
~ s A NN . N N R
. . va ) ¥ A
1
) t h
h 1)
- .
S Q\\
Ny N
+
»
«-
' § )
* -
~ & »
. .
‘ D
.
Al N
N ~ N
e e e VU VG R,
. . N
\ .
. Iy . N
N A . .
' . ) >
e h R
-~ o . :
. L. N
N .
» N .
* ) S
’\~ ~ 3
- . .
[} y 2
. .
- »
"t
KY . -
1N
RETNY . “
P
9.
- -~




O R

: . . 3 . ’ ‘ - ‘ . NN o \\ .
© Exercises 11 - Hb. SR ‘ \ . B

1. Draw the graph of each 0f the following with reference te ‘afx :

L separate set of axes. R . - S g '~

(a) y=2lxf -~ (a) vy = -2lx] - o
) 'y=glxl o fe) x= oyl T

(¢) -y = ~lx}- DR € x = l4231’

- y » | . I
2.7 Draw the graph of each of the I‘ollowing with reference to a . e

3v 4

separate set of axegm | e :“: \ .  ~11§V‘;
Lyl ) ks e
.°’QWMfT='ﬂ-7 \\1e j‘kﬂ~x%ﬂﬂFiﬁe . ~;5if
) v s *‘:.\‘&)w=4mf#k L

»* . . - \ . .
R S .
~ >

. .3, ‘Draw the graph of each of the :t‘ollowing w:{th r‘eferehce to a 2

Y

éeparate set of axes: L -;‘ R e o NET
A (a) V -”: Jx '?2"; L o {a) y="lx+3 -5 L
N (b) y lx + 3] "  {e) ;%..]x :..;“i.,. 3 |

‘ h (6) N = EIx + 3! PR | o
o b, How would you ge‘c each of the graphs in Problema‘ ‘
- ‘i 2 (a), (b), (@), (£); -3(a), (b), (a). i’rom the, graph or“"

S either ¥ = lxl or x |y| by rctating or eliding the graph" \ v B

13

4 . 4
14

-

o Examplee. /The graph of "y = X - 2]" can be obte.ined by Lo
S eliding the._grapb or "y = ]x]" to the riaht 2. units: 'l‘he e o
graph of "x = - ly] "acan pe’ obta:med by rotating the greph of . -
x = Iyl“ a,bout the y-e.xis. The greph oi‘ "’;y = lxl - 7" can i ‘\

RN . y
- Lo .- N - . o . N . . . M

. N ) T * F'3




L A R & .
| e be sptainéd by slifiing the graph of "y = |x]" down 7 unigs.
= 5," What Bd?@ the graph of x| +yl =5 look 1ike? Leb us make

a chart first Supposé we start with the intercepts. Let“ . | ﬂ"\~
o ,“~~' y O and get all posdﬁble values of X whieh will make the

~‘\§;\‘\ sentence true. Then let q', O,~ and get the valuea cf y.\
e Now fill in some of the other possible values. Suppose X = 6, .
’ ‘; what can you say about possi 1e values for %: If x = 3, then o “f%

lxl = 3:-and 1y‘ = 2 what p ssible values may . have9 Filri ;;
.\ ‘ \\ “in the blanks 1n the table below, and then draw the graph *\JF\

Voo . T R LS T
R How would “You describe theefigure°~ T

BNE o ST 5 . R L o L -
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0 5

B T Y EER N I To o & f\\fﬁ“; NECER
5 0
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*\:-‘ . ?\. : "yl B O ~"‘;a\ 2 \\ . h a‘ R \w~, . B
ol o] T &Y 5l | R

T T .. j“f ., \ — L \ = Q \"Js\ AU SN ) B .\“‘
.o ,' ‘ 2 xv@ = . : - ‘3 .‘.‘ ! ~‘- o o oo
S T we could’write rcur open’ sentenqes‘from‘which we - could “ :%;E
A set the same graph, Provided we Limited the values o x - ¥ {;‘;lf
o E L T T L \\~¥
f ° v lv'\ oLt ; x +£,== '5’ ! and O < x '< 5’ ‘ | ) #
: ‘; N S -y =5,- and 0 gx IO A |
NI =X +Yi5 5y and -5 < X < T
1 N R s ~~and ~5 < X < 0. T . . i -

With reference £o one’ set of axes, draw the graphs of the four

open sentences stated abova. Why was %Q naggssary to limit the

A

N N . ' 3 ’ N N »
valuea of Tx? ., o : \ . N
’ ‘ v N N o ’ . e o - N . .
. % 3 =+ %
> 3 e - R .
» . - .
,?t . N N »
N N > PN ? -~ < Al ~
N — w \ N & PR
N E Y >
- » L.
> 3 N e ? . -\ ¥ .P *




) . RN . . B . . LN N . * : “ ) M ~
N . N . . « RSN -

C X NN .
. re, - . . - . . . -

» - ‘ Al . . - . .

o ) . . R . . . . N . . . NN
N N 2 N N
Te Lt N L - . : . . RSN T

NN - Ll e : . . - i . Coaten .
N N N . : N N A . AN R
N \ . R N . . N * -0 2

. N - . .

= {;\ - 6. Draw'tne graph of each of the following with reference to a

. N . N . 3
i . N N . N

separate set of axe 8t o .

~!, oo (a) lxl + |¥43> 5”‘\ \ ~;\‘(C:) ‘Xl + ly‘ < 5
[ e les @) Ixl s vl K s

. f.‘ Make.a chart of scme values which make the open senténce .
e e lXI |y| _ .

N

ltrue, and draw the graph of the open sentence. Write four

- R
2 s . -

\‘ \"~open sentences, as in problem 3, wh@se.grhphs form the“ﬁamﬁ RN §

by

ot ®

. ' R ~ . . . \ \‘ b
y figure.‘ . \ o ~§; . "1‘7 |

\"“11‘~ 6 ReVﬁew Exercises.~‘i - \, R ;‘fi .4

L. E@r each of the following graphs, write its Open sentence,

v '\. assuming 1n -each case that one square measures-one unit
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\ ‘2'.‘ Draw the g}raph of each of the following open sentences*

~ {a) y<sx Y e le+lyl=-2

S~ N N . . ~»

{b) Y 'é' ﬁ?“ - \ Q .\"" \ (h) 3y 2 2x - 1 | \

?

‘(e) y<-2--5\ - \\,gi:)~x=3 and y = -1,

@) y>s W x'+y<-? f

o “‘\ : (e)“'“x 1.5, - &) 3y @ 12 ==»o
:sgf* U)X+ys0‘j. o ;5\; &.heq ' .
:M* 5. Draw ;1 Seﬁ or coordinah’;é_‘é‘xéé; designat:ﬁg them as the
> . (x, y)-axes. '.l‘hmugh point (2, -1) - draw a. pair of . (a,. h,)»axes, o

mak.ing the a-axis parallel to the x~a.xis and the b»axis .\,_,, o
parallel to *’che‘?-axis . Loca‘te the I‘ollowing points\ with

. i \ N i . . . R Y . . .
- N . . - N N o . . . RN
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. B “eference 0 the (x, y)-axes. A(B, —5), B( 5, 3), C( 2, -5)J~
* o D(o, 3), (o0, —3), "G( -5, -1), H(-h 3), 1(6, o), J(-—6 o),
"K(Q \6) Make a table giving the coordinates of each or these ;

~

jfints with reference to the (a, b)-exes. N g\

‘ :)‘1\

YA

S i Qe o d— - —— -~
.

Figure‘for Prev;em\u. \ ~\‘\‘ e

-
L]

b, Give two equations for each of the lines in Figure 21, one- \‘j¥2
N with reference to the (x, y)»axes, the other with reference i

to the (a, b)-axes. (Note that L5 1s aegair ef lines.)

. ' EI N A
-y s \ ‘ . o a

N . R A
N S . 3 .
. o R




¥

L \fFiguré‘foraRroblem 5,?5.

5, If the point (a, B} 1s in the second quédranf

(a) is 'a positive? - N
o (b) 1s b positive°\

\ N

L

“(c) \If the coo:?}pates of - P, Q, and R’ have the same w§1 ‘
. absolute v ue

g as the \abscissa and ordinate of (a, b), \

. . *if < - -

RN 'state the -coordinates of P, Q, and R in terms of ¥

a and b f\ ‘ = ~ “‘: ‘\\ I oo, I’;/ ‘

A
kS
1
N
N
N
N
e
N
o
v 3
<
~ ks
*
N

B 6, ~If (c, d) is a ‘point in the third quadrant, in which quadna ‘
i the point (¢, 2d)? ‘The point (-c, a)? ‘The point (~csi-d)°
T. Draw the grapq of "y = 3x + L', What happens to this graph’

-

‘when its equation is changed a8 followa”

— NI NN

(a) y —\3(-X) + W \
(®). ¥ s\+(3x:f.4)*. \~f §~;?‘
Yc) ¥ = (3x +8) =3
f*‘;,_ (a)- v. 3(x-2) 4

0
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‘8’) Draw the graﬁh of “y = eliﬁ“ Give the equation of the graph

which results from each of thé following changes,

) ‘(a) The graph is- r&%ated one»half revolution about the
x-akis. e “ ;;T!\' . T
S ¢) The graph\ 1é'moved. 3 units to the right, o -
o .? ' “ ‘(c) The graph is, moved 2 uniti’ to:th{a_ q..?i‘af. . o
; (d) The graph is moved 5 ;uhité%ﬁb.vi N | ‘ ]
(e)‘ The graph is moved 2 _units to_:the,r‘iéh‘gand‘ 4 unigs

N . L3N “ >
down;‘ T ; — inf‘ e i‘.“\ -
(a) w$xh reference to one sét‘of axes, draw'%hé graphs of:

|  12:>:+ y- 5“-—0»
. S 6ﬁ + 3y - 15

-

\\ I

g

What is true about«these two graphs°- Now 1ook at the

v .
equations, how could you get the second equation fram

-

\-the first° o ‘~‘ R j T v\ SR

NI ;Q\‘(b) What 18 true of the graphs of BRI . B ’

R

Ax‘+ By +{CV= o . . T

\ ) —_—
’ ) ) ‘H% . o A ‘;
and v, o
. N n N -—— “
,‘ . . v

e*‘kAx + kBy +*kc = 0\ for any non-zero k?

k]

(c) Under wr\xat condition will' the graphs' I

kY . N
‘ ‘ ‘ : N -
‘ K N N [ { (R I I NG SO s e e e ,,_i_dm —
he e s e e e e - ‘
\ ) \ ’ K

N - Ax +-By +-C =0 ] 7.

’ ’ N . . » D) ~ . . . .
ot " and . ‘ v o o N Y
\ o ‘ . o .
L - . . . . - o RN N

be the same. line° If the graphs are the same line, what

".a ] QS A ~““) .
N - N . L AN
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115‘

N o
« -~ A

. what equal ratios are there a,mong the coefficientso ¥

) IO : 3 N
\ S A 1 i \
N \ o L ———— - E—. —p 11 L
o . v - .
’ : N . A . AN
) Y ) } .
NN - R
o« 1 H 3 . “\h\\
Ny <] - 3 n . R I 3
wa—t’ . . . N N . G
” ’ . 1*6 k) * ‘ (LY
o) N . - 5}9 ‘ N
Al N N :‘
A D

U

\ A B . ‘ C f"~}° : : R

.fug tme QI‘ the\ ratips 3, \ E R x‘am“i‘j %— ? B NN B

e W‘\ = ) Lot ’ . . - .
(av) With reference to one set of axes, draw’ 't: e graphs of

’ W . : ‘ . .M
. .

“"~; R  °:;‘ 3X Xy - 12 = 0, ;5~{  ﬁ   >”:~\‘; R f}it\

~: Yk - l6y -3 =0 \‘»i - ﬁ\ ST

\.\ \ ‘;-. DN R

) \ v

. . ‘ ' ;‘ . R : A{*}- K By -FC"‘\ ‘=“,O‘ ‘ \ . ‘\\. . ’v F l R ) \‘

- \‘ ;\ S » R N 5% ) \ . R i . P . :’.:\
. ’-\ L-\“ind:‘ N ‘ ; . :_\\‘ ‘ . NN ‘ \\,\ : ; “\. R “ ;‘ B . N \ ; ) ) N o ‘

“"'\:,, S -x\kAx + kBy + D --0 for any,nonuzero kP B
' ot o . | ({ RN

(c) Under- what conditions will the graphs of s

.
’ > . ~ N
) " ) \ . - )

B A ~ - ~ N R

R + 3% By + c=0" " .- - e
- Dx+ Ey+F»0 IR

be para.u.el‘ 111188? . If the gra.phs are pa.rallel a.ines, A

Draw the gra.pha of 'che equationsb e . : IR ‘-

(a) 7u 86 - h=0 T, 2T T

(b) 2s - 5" < \-L = 0 | \.,e o \f: il‘;‘\;f"

N \9

Do the graphs depend on the choﬁ.sces yor made. i’o:n:- ‘bhe fd.xlgt ,, e
.yar 13-1119" Em:la.in Mhy me Bpeak d@j s&nﬁancea m:u;h hm ordered J\ w

\Variables. - S - L ) A o o jf»{“; S e

Fos

tu with \c%ordinates (a R b) is moved into tha !
-b)\.. ‘Describe this in tez!ms of oppoa‘i‘bes. S " o8

‘ p"oixg f(‘a"; :
.~ NS ~§  ’ e

. ’ W‘g - \3‘\ -
NN ™ LR [N N N . N RS
-~ . .8, M) . o
. » N .
’ v N I . .
. « : - .
» .o . B ..
5 N o | BN } -
\ o . I R o 2 N »
3, S . N ] -3 - - »
» oot ey -~ (A0 Ve Ly ) 5 LW s N
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pesoriﬁe‘it\in;oérmsvof a~rotgtioh.. Answer the following

. . | Quoétions,‘gnd 1ooaté‘the»pointsloéferrédfgo in parts (a) -
Cand (B). R N | .\\‘\ ‘
) T (a) What points do the following points go 1nto'~\ - H .
o T e s (e ), (-8, 2), (2, -3), (s, ),
\ (-5, 0), (0, B), (0, -5) .
- ::\ “(b):’What points go into the points listed*in (a) above9
‘ “ ~(c)‘ ﬁhat point does (2, -b) go into° » .
© '’ (a) What point does (-a,.b) go 1nto° S
if;‘  \\ ~ ‘(e3\ Fhat point goes into (a, b)9 . .
: ‘\(f) What points 8o into themselves? -«
: 1\‘; B 13. Suppose-a point with_coordinate§\(g;€b) gs\mooeq‘into the}
‘@  point (a3, 0 +2): How can-you ocbtain this by moving all’

"+ the points of the plane? Answer fhie following questions and

1oeate the points.\

-

3y

\\ (a) What points do the following points g0 1nto.
(1: 1): \("1: "1): ("2:\ 2):‘ ‘: "3)’ (3: O)‘?: )

N . (p) What pointsvgo into ohe‘above pointsb ‘s
| - (c) What point does (a, b - 2) go into? | L ,
(a) wnat point goes 1nto (-a, —b)° ’ . ‘
;:wao,“o\_\ (e)%‘Which Qpints go into themselves° y ‘
| J(f)‘ Describe hou/%he points are moved if (a, b) 1s moved
.~ into (a, b-2).. . S ' ‘:‘\
® . \. A
. }-\ . .‘ ‘ -
9y
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- *y , \ o \ . N .‘ i \: .. . \ ~\O . \ . N - .
* Systems of Equations and Inequalitigs . . .
s co : ﬂ @ o o . IR e
v A ot ’ ) ‘ . .. < : \ ‘ *
. 12 - 1. _gstems gf equations We began & study of compound
o : . N )
sentenoeb in Cnapter 2 _What connectives are used in compound ‘
. . LY ? h e}
sentenoes? Let us first: conSlder a oompound sentenoe of tuo
) clauses in Qﬁo variab es, whose conneotive is ‘gr" gofor ’
- N . . R "; . .
example, i : ’tV\ '",~ T o ;
\ X °
X+ 2y - & =0 or 2x + y -‘l oL ‘ o
. Wnen is a- tompound Setntence with the oonnéctive VJor™” t:m,u—:"> o
.§ L ) * °

"The truth set of thia sentenoe inoludes all the ordered pairs of

. numbers whion satisfy = o“, as«well as all the < g
\ordered pairs\whioh satisfy - "Ex + y -1 = 0",( &nd tne graph of
3 . \ oo .
: its truth set 13 the pair of lines drawn~in Figure 1, s t. j I TR
* . & M
L ] . = .
<t ‘ . y \ . ; .
N R < N !
. ‘ “{ e N o b - v,
S T SR N N
» - \,ii N H ‘, »*
N . S bkr' : i .
) \ . T A : ..t .
. , ‘ N . i - ] —];— N \ »
I ) i ) ? 3
: , 3 T \ . \‘ .
| S
. \ v ~
——— = ) i" ] . I ; ‘
: p S ] '
) . "j.m.w._;-ﬁ.r_.-.?;wi@.m-\,u - 1 — \ . ’ : —— . \ A : :. ‘ . o
{s‘ ~ N : Flgure 1 ' N, i
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o g2 ;“i:“'i SN Caes
 ‘Name tﬁeee~orqe;¢d\pairs of numbers which belong to the truth - N
. | ‘eet‘ofcl\ - \;‘\~“‘\ \T . . D e
\ | : e :J Vx4 fy.s5 = O ; N ‘
J‘\_ Name four ordered pairs which belong to the truth ‘set of - o "
” eyl o= 0. | .
) Which of these crdered pairs of numbers are elements of‘the truth ;
. set of the compound open sentence L = X - ¥
. xweyiBni= 0 o x4y-1 =02

o“

, If we remember that the sentences Mg = O“\ and a = 0orb=0"

' are equivalent wnen ‘a and b are real expreesions, another way .
RS
of writing ‘this compound sentence wouid be S

. S o=
L L (x o+ Ey )(2x + y - 1) - % .. _O
. | Which ordered pairs are elements of the trutn set of
tne compound open sentence "y 4 2y - 5= 0 and 2x;+ y -1=20" ?
Note that only one qrdeped pair (-1 3) s satisfles both céauses
cof this sentence, and therefore the grapﬁ;pf the truth set of the
open sentence o+ Ey -5="0 and 2 3y - l = 0" is the f T
1ntersection of the pair of lines 1n Figure 1 L . t‘
, ‘ﬂ In this chapter we shall devote mgst of our attention 5o lf
compound open sentences mede up~of two clauses connected by and'

This sort of. compound “open sentence, with the connective "and" ,

S " \ \
. 1s often qutten " ‘ . | o B R
. I f=Ea+y-l = 0, | RN
‘ X+2y“5 = O' ‘ \ R s
RN * . o . - ' : .
) o This 1s cgiiﬁg~a system of equations in two variables. When we -~ =

»

-
. L

talk about the truth set of a szstem of equations we mean the - : ¥

intersection,of the truth sets of the two sentences AS we have




o——te e oY

\‘c; \' .
\,9 N N

: . - 169 ‘ . 12 - 1
B s . ) . ’ : ) . R s
s ~seen, the tgnth\set of > | N L
- .“\'; . o . { éx £y - 1 = “Q;: S - . oL
T N L . » . * o
‘ NP X+2y -5 = 0 .

s {(-1, 3)]". Y. - ‘ : . S
Exercises 12 - 1a~ ) N

1. Find the truth sets of the following systems of equations by
| ;drawing the graphs -of each paip of _open sentences and
'guessing the coordinates of the intersections (In each casé;'

\ verify that- your guess satisfies the sentence )

N -2=0 .x-3-.=0
o (a)\{gx ¥ %‘_ 3=0 | (c)‘{EX + 9\= 0 :
- ‘2% + 3y - 3 =‘O R _)X. + - lO = 0 R
(.b\).\{\ X+¥=0 3 (@ {& U820
\‘q‘ . 5x-\y+13=0 | | | g\..
-~ i . r to. o ! (e) {X - Ey - 12 = O .‘ N A ‘ el s

N . . .
» -

2. * Draw the graphs of the truth sets of the following sentences:
(a) X+2y~6=0 OI’ 2}( y...'5='o ‘ “ z“‘

' (b)\ (2x - 3y+_9)(3x+y*- 2) ;—”\O“‘\\ S

h
Did you have trouble guessing the coordinates of the
intersection points in problems 1 (d) and (e)? Let us see if we
can find a systematic wax to obtain the ordened pair without oo

— Ssi o e R . . . .- o - . . . .
\ gue~ *ng . N \ . ' ‘ W'
Co R Returning to the compound sentence ;:\ " "

L x + 2y - - 5=0 and 2x % ¥y -1l= O'"~ and looking at Figure 2
we see that there are many compound open sentences whose truth set’
is '{ﬁﬂi Q)} 1bfor example, "2X 4y - i/# 0 and y -3 = O”‘

‘\ and "x * 2y = 0 and X+ 1= 0" are two such equivalent\‘

~ar
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. e - ST L o § : ¢

Al




] F N N ‘! . . o . o L ‘
» . '% '
. : |
T iy v
’ | | J
a ‘ ‘
' | .
: &,
‘i s . ¢
) . 4“‘\:..1,“_ N
- ! .
. ' i
L .
* ) : l |
] o8 1 . ‘{ {— ~ . . " .
\ H 3 ‘ — ?.N.\T:- — \ \ .
N N v ~ ~ ™ N i L ‘ |
) R NN T
L7 IS A Y I " [‘x'“ . -
} . U oL - v . *
> 1
. \ R ﬁgl;z ! T
. * ¥ ¥ N 4 ¥ —~ v - 1 -y
* H . N ‘ . 3 4 ‘ ¥
) i * !f “"!'0“%?« - t\lw“;\ 1 :'"\ b .
! \ ) ‘i“ ‘ e ‘ ‘ ¥ i N P ] \
- y ! .
N i N T \f] T .. |
N :+ g N R i\ | \ . ’
. 3 L ] 1N . . s ) . .
1 : P ¥l i o :\c e X
. ? H + } ¥ - bt
- : ! N : I » i’ L ! ¥ !
ST SRR I R W R .,
. i ol | v | T P
d . .
‘ ”»
* 2 N
] . . ° ‘ ‘ .
. . . | B
. \ N N \, ) N . F . . . . . ) ‘ . i
o \ ighre,e . ‘ i ‘
- N ‘\.v‘ N . ‘ \ | | \

]

. .
. s - *

dOmpound‘sentences because thelr graphs are pairs of 11nes -
interaecting in (-1, 3) State 4t least f‘be more compound
oentenceb\uhose truth set is {( 1 3)‘} ~What is the truth bet ‘ :

~

- . . ‘ \ . e RO
of | . o : ‘ \
. : w X +1=0 and., ¥y - 0 ?

Frod this it° appears that e could easily f}nd the - \

7

truth set of any Qémpound open sentence of the ‘type- . .

A

STt a4yt 1l=0 and x 22y -5=0 P 0
7 . : ; ) - '

if 4e had a method for getting the equations of the horizontal
and vertical lines thnough the intergection of the graphs of the o

N ~
¥ ) ) - - A -
. -

two clauses, - ‘ o

i

There are many\lineS'thrdug@‘any point. «Hetre is a
method vhich' és we . shall see, vill éiVe us the eqha@ion of any
?7iine through the intersectlon of two given lineo, prov&ded’%hat

\tﬁéﬁgines do intersect in' 3 gihgle point. We shall again use

X
“‘

.

.y

~

" <
. ) » . . L
L 2N . v . ] N . N . L
. R < . -~ .
. N . S . . N * .
NN B * . s . . )



“ Sy 2 -1
N o P .
thessystem o .
r‘ ‘ ? Q{x + 2y‘.. 5\‘: O >
‘ [ 2X 4+ ¥ - 1 = 0 ‘ ,
., %o illustrate. SN - T B o

'd

We multigly the expression on the 1eft of the first

equation by any number, say 3, ‘and the expresseﬁh on the left of

: I
. the second equation by any number, say;g, and formithe sentence\
3(x + 2y -')) -+ 7(2x +‘y ) 1) = 0.
) \ ’ € - ‘
We see . that' : \ : v o

)~'\(l) The cOordinates of the point of fntersection - (-1, 3) ef‘the;‘
\two lines satisfy this new sentence: | T
3(l+2(3)-))+7(2 1)+3_1) o)+7(o) oL
In general we know that a- point belongs to the graph of a |

g sentence if 1ts coordinates satisfy the sentence. Se the graph of

our~new open sentence " "3(x + 2y - 5) + 7(2x + ¥y -1) = 0"
:‘ containsthe point of 1ntersection of the two 1ines
L "x + Ey -5 = O" and "2x +y-1=0" ‘ o L ’
ST (2) The graph is a line, because: -+ \~ |
B \3(&+2y-5)+7(2x+y—1)=\.'0,~ )
L by =154 WX ATy =T = O, .
S 17x. + 13y - 15 =0 ﬁk\‘

- and ‘we found in Chapter 11, that the graph of any equation of t.he |
‘”form Ax + By +C=041s a line, when elther A or, B is-not O

. o Suppose we use this method to findﬁ}he equation of a
"i 1ine through the interseetion of the graphs of the two eqnations

,1n problem 1(e) af Exercises 12 - la: - L
\ A RN {52{ . +13 = 0, - - o
. : i ' X - ~ - 12 = 0 . ST . :
S T R A < ‘
N 1 - - ’ * . . 1
‘ e N . 1[):3 .
o S . \\ N ) “0 hea o



*

12 -1 o - g ATQJ;?

If we have no parttcular 1ine in mind we ¢an use any multipliens

\ " wg wish. Let s, ?hoose 3 ahd *;2,_ and form thé,ig?étion g )
, "3(5x -y + 13) + (-2)(x - ey\u lE)-w 0. ¢
) {et us ‘assume that the point e,/ d) 1s “the point of'
T intersection of the graphs of these mwd equations. Since this :J ,
e. | \pgint (c, d) is on both graphs, we know that . 'f“\‘ )
AR B 5¢ - -d =(l”a:)nd c-2d-12=.0 e .
is a true sentence.\. N o ; | |
R ‘ ~ éubstituting the orderég pair (c, d) 1n the left side °
~$_' ~of our new equation, we obtain T f' . “ . R
ST alse - e ad) 4 () - 2 - 12) = 3(0) + (=2)(0) =
S Hence, we know that 1f the - graphs of the first ‘two- equations
A 1ntersect in a p&int (c, d),‘ Phe new line also passss through/
(c, d),‘ even though e do not know what.the pq;gﬁ) (c, d), 1s.
In general, we cdh say . f . \ | . L2
If Ax + By + C 0 and Dx, + Ey + F 0 ‘
A are the equations of two 1ines whick ‘ '
. 1ntersect in exactly one point, and if
’ ‘ a and b ga,re real numex*s, ’chen _
‘a(Ax + By +C) % b(Dx + By +§F) =
. j‘\ ‘ is.the equation of a line which passes
. g 'tﬁfough the point of‘interseétion'of‘
first two lines. “ o T
Now that we have a method Tor finding the equations of
.. j llines through the 1nt§rsection or two given lilnes, 1et us see 1f
e we can select our: multipliers- a and .b with more care, so that
s




‘\gave us Some trouble when we tried to guess its trufggset from .

a3 ~f;‘ _— "\ 12 -1

-
(3 ) R

we can get the equations of lines parallel to. the axes.

. ) ] N ) ) "
T " The system \
f : . {\éx -y +‘13~s o] ‘ ‘ S 3 ﬁ
- \‘ » * 0 “ i
: - i X = 2y—12 O R,

LS

\the graph*~so 1et us -sSee if this new approach. will;help us.

~Form the sentence "~ ~ o 3 . ’-
| ’ J(BX -+ 13) + b(x - 2 - ial;l=\ O.\ )

‘\ Let us choose a ‘as 2 and .b as -1, so that ﬁhe ooeffioients N -

- of y become oppoéites'¥-\ S ““ ! C ;ﬁ///’ o {~ b
T (2)(5x-y+13)+(1)(x- 1) = 0, . |
R le - aw +26 -2+ 8&+12 = 0, "\\ e gg\;

- s mae3s oS0,
] T xe kg':?\_oi,‘ L
This last equation represents the ‘line through the e .

"intersection of the gr%phs of the two given equations and pg;allel ';

"to the y-axis. Let us.go back and iele@t new multipliers that - ) =~
will give us the equation Q; the 11ne through the nte.\ection o g
point and parallel to the x*axis What multiplie shall we use9 |

Since we want the coefjghients of x to .be oppo tes we choose,

a=1 and b=-52? . LN

owﬁ‘ DA (l)(5x -y + 13) + (- 5)(X = 2y - .

. BX - -y + 13- 5x + 10y - 60 R

RN RN A 73 G ‘ ’ R
o A Ly +;8%‘ ] l | s

R We now have the eqoations\of two Qewilings, ’“x‘+ %g = 0" ?;/P

‘and w"‘y + 8%= 0", each of w&ioiq‘ pa;s'ées through “the §oint of 2
- ‘ o . ‘ , ‘ :

ool \‘ag\‘ 195 - :ﬁ‘\ o

; S v L - A o



5choice of the multipliers uill become easy yith practice. -~

N ~ . S 1 “» M "
v N » ' N . v .
N N . AN
L J A \ S ’ v '
1 . . - .
. \ . a ) [ Serng -
N ) A N 3 N LAY
RN . y : = ~ .

2.1 L
RN > . P T - . . - ‘
1ntersection of tne graphs of the first two eqnations Why?‘ This: |

i v A

’~reduoes our original problem tO‘finding the point of‘intersection

J

\“‘ “of these neu lines‘ Cen you‘see what 1t is? . So we see\tnat\the

truth oé& of the system o o |
‘ \{ %'}‘13 =\‘O ‘ A
X - 2y 12 = 0 e

is\~{(-H§“;8£)} - ‘Venify this" fact by»sho:ing that these
coordinates satisty both equations | ‘ |

S Ng: we have a. prooedure for oolving any«system of two -

- -

line&r equations We choose nultipliens*so as to obtain an e

‘iequivalent system of 1ines Jhlch are Egrizontal ‘and vertical ‘The

. \*\ Consider another example: Three\times tne‘smaller of -
7

- two numbers is 5 greater than tnice the 1arger, and three times

the 1erger is 7 gﬂeajfr than four times the smaller“ What ere -

“the numbers? h R

‘ Y

The smaller numoer b d dnd tne 1anger o7 must sas¥sfy

the open sentence H ’ o Lo .
3x -‘Ey - 6. O.and ¥x -3y +7 = O, o

w» -

ChOOoe multlpliers S0 that the coeffioients of ‘x will be
oppo\ites. L and .-3 will do the triok

L8 (3x - 2y - §) + (- 3)(hx - By + 73 0 , N\
12x - 8y - o lEx A+ 9y - %& = os,; ‘
- : . ~ _ )_’_ - O . ‘ *
- .Y 5 ~_

ﬁou v7e could choose multipliers sC ‘that the coefficients of . y A

would, be opposites. - Another way bo find the line through the

ingersection and parallel to the y-axis is as follows: On the.’




iline‘ "

. ordinate of” the point of intersection is ‘4% -

A

L Tx .32 _\Qf\ Now

~ sentence MU - 3y + 7 {LQ" -uith ordinate “ﬂ5 ? Does it matter

in‘ahich sentence

N

“the sentence
by solving
oL 32 =

S )43( - 3% -}: 7 = 0"\

ystem as

L RN C Y s 12 -1y -

(%4

y - U5 - o" . e\\\y point has ordinate h, . Thus, the -

T

The solutidn‘of:
"Bx ) o" with ordihate 45 is obtained )

1 +

"3x u.E(Ni 6 = 0" or its. equivalent : -

o" . Hence, the sentence

- X e

\“3x - 2y - 6 .= Q and
18 equivalent to-the Sentence 'y - 43 = 0 and -

1t is easy to read off the solution of the L.
(32, h5) A c | » -

- In ‘the above example, what is tne solutlon of the

*
1

¥ 02

-

we gssign y as

NS

\the metnod JUSt developed » Draw the grapnb of each pair of

ey (X + 2y = b

RS el
. | 5. Y=
INCIE Eolut A Y

Ue can also use t@e operationb on equatlono stated in

‘f(g Exercises 12 - 1o C o . .
le

Find the truth oets o? the followihg systems”of?equations by

‘equations iQ (a) and (b) with reference to a different'

set of 'axes.

e

ka)\kigi_; oy

&

Chapter 10 to solve a system\of eQuatioﬂo . The method Juich

Kesults 1s egsantially the same as that uoed.%bove. Fop"
example, consider §he.system: \ Vo ’ .
o Vo . . ‘ N . s - \v

N\



* Y \\"p - \‘
! ¥ v Ty ) \\ ’ N . -~ -
- 3.
v ~ . .
. R . N . R R . a
: AN . N X NN o L N M X N . N s - L -
- a N N -
o . . ‘ ‘ . o L I
. N .o . . » * \~“
e oo (33X -2y - 5=0 _ . L o
S . . k+3y.--8=0 \ .

and assume that (c, d) is a solution of the syst%m. Then
A . each “of the follow;ng equations is trne (Give, ‘reasons. why . v

eacntis true Yo f_? o L o N

R S . 5(: - 2d -5 = 0 s :
- S L o . c +.3d - 8 = 0; . . .
. N \ 1; » - 3(30 o 2d - =, §O§ . . “

S—'l-—‘ OdU‘l,

R P 9ca-\6d.-. 5
X 2% + 64 - 16

o
00 pw
Wy @

i

1lc - '31 ‘

o
&
(97
oo
tvuc>
L ) . et
‘.

) -~ ‘ . - ,“\ .
L 3 - 24 - 5 =o/
s e " ‘ -3(c + 3d - 2‘3 f -3 0) 3 | o

ST S | ~3c - 9d + 0.3 .
. .1a 19 =’ 0, « R

.19 .

- d =,‘I§w ™~ -

So if There 13 a solution of\the~system \ o - ‘;Q

IR 3 - 2y - 5
. ‘/’ . . X+3yﬂ8’

| s
*
-

QO,

»

o

s .Vhen that solution is (TI , T%) .. We must verify that this
. ) o ) ) » o .
. >1s a solution. .

-19-8

-

- Are these sentences true° \ R T . v

J " This. 13 often called the addition method of solving

h " systems’ of equations. Use this metho& for finding the truth =~ -
. . ! \“ ? ‘ ) - . vt
\)‘ ; Y My ’
ERIC ‘ 197 ° ‘ y \




T

ol

v’:‘;\ . . ‘:s . - "M~ . ‘ \ L ‘ >, . ." .~
"_ ._:' * 7. v . ' e . : ] ., k’,'
| ‘t\ ’o _ . \~~~: N . v.a . 1'.77/ ‘. . . \ A 12 - 1% ) .
- ‘ Y.L ) ! ‘ \‘\\" s : 'x“‘
- sets of‘ the following eysi;ems' > . : T
s \J b " . by T N L : “ N
My U6 = 0 gy S3ozy e
"\(a){Bx 5y 1 = 0 -\ (c) {By.-: o2y s ST
. :' e o ’ . ' . * - N
A, ‘ . . T 2}{ 3 2y * o ‘4 N
) { SIhIE . @ {Friik AR
1 . . ) ‘ » ‘\\ . R v ‘ ‘ \ o . \ » \‘
3.~ \'I‘raneia‘ce_each of ’c‘he {‘ollomxl\ing Jinto open sentences wit,h ..two A L
veriaoles. Find the truth set of each ‘\’ ; ’* . - .
® O : - .. ?11
(a) anee hdndred eleven tickets were sold for a basketball \ L
T * Coe st N \.
game, some for pupils and some for adu'l’cs Pupil o
Lt ‘ ‘tickets sold for al’ cents each and adul’c tickete for 75 - RS "
cents each ) The total. money received was $l()8 75 " " o |
How many pupil and how man;y adult tiekets were sold"*“ o @ :
(b) The Boxer family is coming to. v:.sit and no one knows . -
\ ‘ how many children they h%e. E;Lsie one of @e girlso
| . says she h&s as many brothers as sis‘cers* he*r brothe:.v.;f." '
S * Jimmie eaye he has twice as many ois’oer's as bro’chers.\ ";
- How many boys iéfnd how many girls are’ there in the Boxer\ o .
’ \ . . '. * ‘\: - . .. * ) N R :
~ , . family? A v N e .
7 N . R B | . . . \ N ‘3\, S .
N ¥ N - N \
. (c) A Aome room bought three-cen’c and, i‘our-oent skamps to .
o *mail bulletins to the parents, he ’cotel cosi: was o _
. 9§ ER.67 ., If ﬂbhey bought 352. stampe, how @ny of ‘each’
2 kind were thereii‘ . L T\ a
(d) A bank tellerfﬁas 154 bills of oneadollar and fivesdollar s
denomi-na%ons. ‘He thinks his. ’ootel is $l+66 \ Hae he ) )
. . ~countegl hils money correctly‘? - f‘ ,\’ﬁ N - e
- . . - .a‘ ‘a- ‘ . . "‘4;‘. . \’ N 4 . N‘!- ‘. ’
. : 1?1 et L . ‘



v is equivalent to e

- E(EX- y - 5)

" tence.
N N ‘/
. . nite set?

- we note Hhat "hx - Eﬁ\r lO =, 0" :

\ ?(&) ki
so we see that the graphs of .
Tboth clauses are identical as®
‘shown in Figure 3, and the 11nes ‘
have many points in common. . "”:
State some of the numbers of the \
truth set of the compound sen- |
. Is the truth eet a fi-
Whatoﬁappened when

sy

} R E <L \
T Fa " ; TN, ’ ,,th‘ g ' . -
.12 - ol 478 \ e
&Q; .Find the tﬁuth sets, of the following compound open sentenees '} “ i
; Q;ew the graphs . Do they help*&ou with (b).and'(e) ° )
SN ‘ S _ - . s
(a) x - Ey +~6 0 and 2& e 3y + 5 0..° ” f~ | %,a_f‘ - “i
e (b) \ 5“ &“Qnd hxx.. 2y - 10 0., e '; LN
NN E %;3 2x + y - u :0. and 2x iy - 2 z0. S Lo
~§: Find tﬁe equation of the Iine throhgg the" interseotion of ‘~“\ \;‘~
s the 11nee 5x - Zy - 3 0 and 3x - 6y + 5 0 and passing‘ " ‘
‘ir~‘ through the origin,s_(Hint What is the value of ¢ eo tnat :r‘
\ Ax + By e C 0 1s.a line through the originb) \~ei . k |
In pnpﬁlem h you found some‘cOmpound ogen sentencés whose .
»truth sets were not single ordeffd pairs of numbers Whioh ones N‘\
%\were they° Let'us 1ook more closely at each of them. :
. In the Open sentence - ) T ff“ - ’ .
N .‘ "e:c - > 5= o and “u L ay\ ‘..»;'16 = 0" , .

.,,5;,..--4,-_-,’

' y
N e it
o, ! .
.
ﬁ; .
G . ;~~*.¥ N -
v
: . 7
a :
* T
. H
— !
N




. . . N S N o . > X
. N ~ ~ N N ~‘ A
“ . g) ~* -

. - , < a79 - ) 12,- 1
*‘\ . \ : ) M ) 1 o : a .« “ Loy
\ you tried to solve the Qpen sentence elgebraicallyq Why didn't
- “-Qur method work° - f R S \ 0T g‘
» » oo } . AR - .
"}. ) . ) ‘ - .\ ‘ \ \ ~ R ‘ ;a R N N
A somewhat differ nt condition exists in the compound sen-
- *tence L 2x + ¥ - M = 0 !land 2x 3y -2 = O Lt Putting eaph clause
o ‘~into the~ y» form, we have o o A . ' S0
- . ‘. . N R N . . ) \‘\ LI Q . '. . . R
. ) ~\ i \ . . - ’ “‘ . N \\\ \ . ‘\Q\% . E) o i
What is the slope~of the graph of S NN o .
- TN T
eaeh of these equations° What 13\* o — X\\_‘ 1T % 3 R
\the y-intercept nember° We,see 1 i X\ : ‘€“4e§n";inw
. .. - o A\ C b
> that the graphs are two parallel . A N EEEEES
. AREREE BN
e lines, as in‘Figure 4; end there [ A §‘§ \\»x\? 11
: , . ‘ S S e -
is no‘intersection point. In j ‘§ . ;‘é ; HA - & '
" . “such a case, the truth sTﬁ' of the o1 . . 11 .
;; . N ‘.: . T g I ? . i .
\ compound sentence 1s the null S Ewg
‘set, 'What, happens 1if we try to - SR
~ R S
solve the sentenee algebraically9 : L
M A : . . e Figure b, o
- T ;. . N o o v
**.; Let us try to summarlze what we have noted here' " The truth :
set Qf a compound open sentence in two variables, with connective*~
| "and" may consist of €he ordered pair, many ordered pairs, or no
ordered pairs. OOrrespondingly, the graphs of the two clauses of
N the open sentence may have one in}ersection, manyﬁintersections :#‘5 ’

! or no’ inter ctions S N : T -

» . . \h ) N
. A . . . T . . . ..
3 N N A ~ . N . -~ . F
<, ) . ' o N . \ A
. N .
e . ’ NN 4 N ] w

. ‘ ol a \ B U ~)\' * : .




© 12 -1 )
' Examgle i o o
o ~‘ o Equations 3 / .
‘ QX i 3y = & and X‘-I—"y = 7:‘5“
S *- ""‘ —.'?. o -}i R .
S y\‘.f 33c - 3 and y =X + T .
' : ? The truxh set. is {(5, 2)}
.‘ \ \\ " ~
amp_le 2. *\
L - 3y 7 and hx - By = 1b
- 2. 7 EUEETY
ya'é‘ '\ Bandy—-gx-_g"‘o

‘The truth set 1s made up of

-

dinates satlsfy the firsﬁ‘equa-‘\

. tion. (Note that the second |

clause is obtained if eagch side

.. of the first ¢lause of the origi-

iKY

nal open sentence is‘muliiplied |

by 2.)
v , " -
amgle .-
§ R < 3 3y 7and bx - 6y = 35
ot ¥=xXe-zandy=gieg.

§The truth set is @ .

.

| Gragh “‘; ’

. : The two 1ines ‘which are )

" the graphs of the clauses have *
“one 1nters§ctlon, since th; :  o

\;*f slopes o’ the 1ines are not‘the

same. The graph of the truth
* set 1s the single point (5, e).‘

? L

. o L -“\
k]

1 . The,graphs of the two

clauses of tne Open sentence

-

coincide, ‘since the lines'have

all\the ordered pairs whose coorq‘ the_ same slope and\the‘same

% . - .
y-intercept number. The ;552;;\-
f;line is the graph of the truth

set

. The graphs of the two |
| clauses of the open sentence
‘are parallel 1ines,\because~\
Tthey nave‘the\same slppé but |

différent y-intercept numbers,

N The graph cf the truth set

"contains no points

P

.
Lo
- .

117
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~ ~ ~
[ R » . . & R
) . N N N : ' :

R

.
A - -

-
-
*
wy

. Notice in Example 3, that the coeff101ent of b's and ¥y in ~

the equation ox - 3y = T are related in a oimple de to th0oe in,

: ’
. the equation ¥ - by =32 o '-.““{‘ S,
SN o . ‘%' . N * i N R To . \ ‘\,\ . ‘.
N T TLPUE T 1, .0 1
. o PR . -t .
‘ ‘ \ 2;~ 2:(Ll\) and 3§ 5 (-6) .
o T S -
N \In genera%,.the raal‘numbers a aﬁd b are said to be proportlon-;
2 v :
~8l.%o the real numbers A and B if tnere is a' real numober k-
. &
| such that "‘*, T
’ a=ki  _and - b= KB- T ’
iiThus ‘thaynﬁmbers 2 fand -3 are proportionol to . and -6 ,
.’ .

tne numoer kK belng ‘5 " If two lines are parallel what can

you gay about the coefficientg of b and y 1n their equatidnsO‘

Exe\ises 12 - lc.i o " . o o V“
; l,~\ Draw:tine grapns of\tpe bpen‘Sentencgsfin‘EXamplég‘; t§ 3i~‘
® | \\gbbie. fFind‘theffruth set~of\Example 1 aigebraiﬁélly.
3 C \ “‘i. - .\ f o
2. Solve the- follo:ing*compound open sentenceb . Draw the graphsi\
\ " in (a) and (b) . S S | . "
° (a) 3x + uy ~.,.’1_3 O°and‘; Ey + 13 0 . ]
. () x +5y'- 17 = 0 and 2 - 3y - 8 = ‘\“ ' f
:\ }(é) SBR - My\} 2=10 and,lox - 8y + h =0 . ;
e (d)f\~1a>< - by -5 =0 and 6x ¥ 8y - 5.0 .
‘\~ r | (e)‘“x -2y -k =td and 3x -0y - 1? 0.
o ";(f’j 3(5x - ez) -1=0 and a(?y + Ey) + 2(5«< - 3y)
: (jg) %(_6%(_ “ .:3’5.}’..).. 1 = (‘)‘and -§-—lf.;-§- JT%) - 3‘: O .
R R 5 5 a
~ r \ Lo




SR T 482
' N Consider %he system,

»
» N *

o N N N . *

N s " graph'- .

.\.\\“‘\ - )‘ \\ ) . 2x“y—'7

~\.

= d\,

Suppose we write the y~form for each equation

»

e s ey e - T and vy = 2 x +-2\:;f

AN . ) \ e
S ;i L ‘_f,At what point on the graph

j of this system are the
s L values of ¥y equal°* What
.+ 18 the vilue of %' at this

1point° If we. set the‘values

equal to each otheg, we have
| \ the Open sentence In,one
e \var§3b1e,;‘ L s

-

;;;‘ ‘ 2‘ n ‘\;“7 ‘%x*fm§‘

| ‘~/)/\ ‘i‘ f The . truth set of this sen-

‘\? - ;\~ ‘ \tence=is\ (2). Using this
o value\fbr; X in eéchf0p§n

. f\vasenfénce‘Which is ia the ¥

i

’ - y-form we_ get:
= 2(2) -
——— s ) \ y= _3 s
‘ Why do we. get "y = -3" in both cases°
) pound open sentence Mg n gy = T =
; has a solution, it must be
e : . . ~

< of Y in the two sentences E

-

> N \‘\
°
PR,
» .
N i
A kS
N N
N N
v N
I
+ }
v NEN
R
LY ey
- -
L
R
.
N
]

o . .
* T .
JERNUETIRRRAN N W
N N i N
S

\ [N
. N
N T

N

(2, =3).

%

PIPRED TR P Sy

»

Verify that

5 1o | f‘
g (2) +2

Hence,\if~the ccm— 
:0 and 5x + 2y - B =
~(2.» ' :"‘3') |




~w Y

Wow

N & ‘\'\

A ) . . . N \ h83 . “ e S ) . : ‘* .~ 12 - 1
N ; N - \\“ \ \ . \ k‘ }
{is the solutl§n. \ o ) \
" Suppose hat we shorten our work somerhat by uriting 3
? .
‘only the first equat;on in its y_form. . * -
con P , -
. . » -t . v .
and then subatituting the.expression M"2x . 7Y for y in
the second equation' i} 1\% %/\- N e \\~ )

- Then, . 'f:

Let us proceed to*solve this open sentence in one vaﬁﬁable

5% + Ux w1k - U ‘10 5

‘e0athet ;( ~§) Qis the possible solution of the system

s e _

5){\‘\15%: 2y - ) ll’ e’ 0 . - et . .“ ) >

K . X \ -

The method jusnhdescribed in whieh we solve one of the

. equations for y* in ‘terms of x" and then substitute this .

“substituﬁion method

‘»\Systems.

(a) SX + Ey Y |
L3 - 2&4; 4 =

- (v) {SX + -2y ,»h
10x +. hy - 8

(0){35-%-1—0
7x ¥ Hy - 9 = 0

;expression Por y into the other equatlon is called a 1'

Use this method to. solve the follow;lngr~

~»

o-, (d) .(3x + y + 18 = - \
‘g)t,;_ - ?y - 31* P

(‘e) {y“" 'é'“%

. :5 . A4 .
N - *
\ y Yow “—X -
‘\‘
H
- N ] Al
R v "
L4
S
N N
-
-
11 -
- X
. . ,
- ;\ J\
- v .
-

T

O

LN

..
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> t‘ill‘.\ As we have seen, the truth set of the com’und open Sentence

T ik | - .. Ax + By + C-= 0 and DX + Ey +F=0 .

\ may eonsist of one ordered pair, of numbers, of many ordered

pains, or of no ordered pairs ‘fa § . P
. » \“ i : v RN O

(a) Ie the truth set consists of one. ordered pair; what can

»

you say about the graphs of the clauses°’ S

%

o e

e (B) If the. truth set consists of many ordered pairs, what 1s ~
| true of the graphs of the two, clauses° Are the two )

clauses of~the compound sentence equivalentO“‘ ‘l\\c‘

(e) If th '“3 Sruth set is ﬁ; how. are the goefficients of x-
" and y related in the two clauses? What~is true of

E the graphs of the clauses° B N L !
- Consider the system~ o 'L 1‘:\, S ‘
- o \* ) . U I
»' . T \ . .o ‘ gll';x- "‘ 2y 1 -— : . 4&?%
N o \ . Lo 3X -e‘y - 2 O . i ‘}‘;} .

| . Draw the_gra@h of eéoh‘equation.\ Put each equation in the
. "x-form", At whap point. on the graph- or the system are the

b

valuessof X ‘equal° ‘What is the value of y . at this point?

vaiue\or ~y as its truth set. This 1s‘also called 5

e
Substitution method Use this substitution method 1nvolving
g . \

Ry onrms to £ind the truth sets of the following systemsv )
L (a\) {3:: +2 =15 . | (c) { 'g
;‘ 2}{ - 3y = 18' \ v \ 2x + Y = 1"§' .
(B){x-2p=07% . | (a) (5= (x+7) =27,
Lf{x\»;- 2y.= 0 . ~ "“iax.—\(3‘y+‘3‘.)=

o ) '
.
N N N . . * [\
« ? . b IR . . . . . . . . »
. . . B hd
. Y. - N . * . s : 3
R . . R . N C . ) . B E N .
, . s ¥ :

’ S . . [N

Write an open sentence in  one variable which has'this -



B

Translate each of* the following into Open sentences with two

’ E o ~

‘~h85 co T ‘ie‘-,l

N
- L3 R >

>
0

variables Find the truth set of eaoh and answer the

questron asked,

L]

2 "y .

(a) A 90 075 solution of alcohol Jds to be q;xed with a 75 ?76

]

NI

' pounds to sell at ¢ 1. 32 a pound° o

solution to make 20 quarts of a\78:zo solution. Hov
~

many Quarts of the 90 075 solution should be used9

vy ‘ oo~ »

(b) A" dealer has some cashew nuts that sell at $ 1. 20 a.

pound and’ almonds that sell at 4. l 50 a pound " How

L

many pounds of eaoh should he put 1nto‘a mixture of 200 -
Y

2
,?‘ v,

(c) A and B, ape 30 miles apart e they le ve at the R

‘"1Each sits at an end’of the board, How far is each bosig

It %akes a boat 15 hours to go :12 ‘mles down\stneam, A
“1and & hours to return. Find ‘the Speed of tnp current
* and the. speed of, the boat in’ St111 water." \

i They balance on a teeterboard that is 9\:feet\long;

- same time and travel 1n the same direction, A overtakes

E~ in 60 Hburs. Iir they walk toward eaeh ooher ‘they .

-~ W

\,~meet 1n sof;. hours | ‘What are their Speedsv ‘f L

N ——_— S

1

‘e

-2

r

-

\ Hugh weighs 80 pounds ananred weighs *l%O‘pounds. ) -

from»the fulorum? S -

L

 Three pounds‘of apples and ‘four pounds of" bananas cost

- \ . *

$l 08 while & pounds of apples ‘and 3 pounds of
of bananas cost $ 1. 02 What is the price per pound of

apples? Of bananas? ‘ ‘ -

-,



- s g ; -
RN k R - . 3 S Cmy
. ' . ‘ . \ . : . "‘ <

-, (g) In a. 300 mile race the driver of car A gives the '

\K\ RS ‘ drivar ofhcar B a start of 25 miles, and st111
‘%1‘ f ;~ finishes one-half hour sooner. In a second trial the ‘“‘~"

' \‘5~:f‘~‘f; ST driver of %ar A .gives the driver pof.car B a start of‘ \\v;

':ﬂ? ;‘ o 60 miles and loses‘by 12 minutes > What were the T
\ 31 ; oL ayerag; speeds ‘of cams ‘A- and B in ﬁiles per‘houro
~}' »"\f" s N : - s\ {) N
4&2 -2 _ystems of inequalities 4? 12 - 1 we defined ‘2

;}"» \( | system Qf eQuations as;a c&%Pound open entence in which two o

g . . e

[ \1aQ§;tions are. Joined by ths\connective and" We also introduced

. tation for. this,\ Carrying the 1dea over to inequalities, 1et
" us considerisystems like the following SR ‘e |
ot e (a) “?y b0, Lo ~(b) (3x - 2y - 5 - RS
R . - 30 . ‘ a : X + 3y - 9‘3 O . T
e o (a) What wQuld the graph of X+ Ey ot > o look 1ike° You .
» 7,[¥:*{ recall that we first draw the graph of o | |
. ywy, \ o N8
' ; "“@%!b» ‘\fj~ W R
‘ o " / / ."0“ S .
; | — 0 KK
N S 00 ,‘020, L
.t*‘ ) i » N 1 Y 3 i ’ 3 “x ', *
i A S : T . -
‘\:‘\ fbj’
2 , s
: ‘\ . -] ﬁlj
L - /2%igure 6 g’
' . * N * Lo ) T .
. N i SRR . A 4
S o B
L S S by
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iusing a dashed 1ime along the boundary.. Why?‘ Then\%e 
" shade the region above the }ine since the graph of
. "2y - b 0" 1.6, 0f "y > - -§x-+ Qﬁ : consists of

,»211 those. points whose ordinate 15 greater than . "two

‘\more\thah w% times éhe absoissa In a similar way, we

-

"’Shade’the region where "y < 2x - 3", ‘\Why° @hio 1s the‘

region below the llne whose equation 1s “2x -‘3 =~O“. |

Why 1s the line here also dashed°‘ When would we use a

" "solid line as boundary° .

. Since the truth set ‘of & compound open sentenoe with
i: . the connective amd is the 1nterseotion of the truth sets
;-»of the two olauses, is follows»that the tfuth set of\the

\ system (a) is the region indiqfted by criss oross sﬁading

L N

f in Figure 6.

et v Al = et

(b) What would be the graph of S system 1n. whioh~we have one

equation and one 1neQuality, such as. Example (b)° What

: i§ ‘the graph of "3x -2y~ 5= 0“9 R

o

N N .
» ) R
X .0 . .

? o . »-~

L1
K

i

we

A



NN i L, ;‘:~‘o . \‘ o . . > . ~:\: :
::3 12 - 2"“’ o - hgg - Tt
, N - Is the graph of "X + 3y - 9‘3\0" “the regio@ above’ or
\’“below the line - o '
e B b N
‘ *» X 4 By -9=0"72
'sls the 11ne included? Study Figure 7 carefully, and
BRI \;fdescribe the graph of the system LT
R o {-3"“?'2.5"'5'?0?’"\-‘ R
. ‘.-.,. .\,Q“"  ‘~ \\ | “X.‘ +3y ",,.QSO . 5 . L Y .o
' Exercises 12 . 2a Lo n o -

Draw graphs of the truth sets of the following systems-~'

\fo\l{&fazg" %{?f?§ﬁ~W{%I£§§
~\2‘ {hx -

3y eo v
< ; 6

4 -
A
O‘\

.

‘ 2x+
‘\5~ 2 +
2x+

2% 4

+
f<4? «
«:Q: <

: - 5% 4By +1>0 g
NN 30. {3}; - - 6 - 0 ‘~ 6' <‘ .
*\ } ~ ¥ - Fl N < oo ‘d “ N
L - - Let us consider the graph of the compound open sentence ~
o *
’ x - y -2 0 or x + W - 2 > 0 ‘ .
7\F1rst we draw the graphs of the ciau es "% - y - 2 > O" and |
e @e 2y oM L “f R |
\x . . i )
o w o
. T >
. ‘\ . Y N Y i
N ‘ £ ‘
. VR .

2



N { o BRI ; s - o ;‘\ R N . ) -
_— . e T h89 * S e 12 - 2 ‘
NS \ i i |
;.w‘\ T Next we\rgca;lithat the\truﬁh set -of a\gémpound open §ehten¢e\with . ;§;
the cbnnective\or is the union of the truth sets of the clauses. '
' Hence‘ the graph of the- compound open sentepce under consideration .‘
| incluaes the entire shaded region in Figure 8. ,‘; '
Exercisks 12..2b - , | ,
" Draw the graphs of the truth sets or the follguing sentences-
‘ 2, ax+yur‘3>00r3x+y+1<o.; \ oo |
; .2‘ax+y+3<00r3x-y+1<o.
\3 2x+y+3gOor3x+y.+lzoﬁ \ ot
4, X +y+3>0and 3=y+1<0. . ' X ) T f
. ‘ “\‘\;\“‘.~ | ‘ ‘ ‘,:
\.To‘gompletthhe\piqﬁure, let us‘qqnsider‘thﬁ compound open. ’
\senﬁepée:\: \ B ' | o \ | . < \
< (x-y-e)(x+y-2)>o |
i ““CRemi\bef‘that\ “ab > O" 'means that "the product of a and b\‘ .
. \isia positiv§‘number\. ‘What éaﬁ:be\said pf\‘a \and b ‘if
; 5;t$\ab'> O ?  Thﬁs wg}have~the tWO\pOSSiﬁilitggst,\ . -
T =Y y-2>0 ama wey-2>0, :
»§¢~\};€ O xay -2 < 0 and x + Yy - 2 < 0. g | T
h - In Figure 8 the graph of "My w250 and X+ Y - 2> o' is
'*%“* “the region 1ndicated by the\criss-cross shading, while “the graph
~‘of " - y -2 <0 and X +y - 2K O“ is the unshaded;;egion.
"::\Sothegraphof 4 o ‘\
E (x-y-a)(x+y-2)>ol '
“\~\consists of all the' points in these two regions of the plane
NS Which areas form the graph or the opén sentence | :
: ‘ ‘ S m ¢ —-—
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o

s ~

L (x - y - 2)(x + y 1 2) <02
(If ab < 0 what can be said of a ana: b

(‘f\\‘ ‘ ‘ﬁ90x

“To summarize, we 1ist the following pairs

sentenoéf (a and b are real expressions)

2)

of‘equivaiént

R

NS

S

-

\

”»

&

a > O-and > 0, or " a < o* and bv< O L
£ 0, or a < 0 and\ b > 0 .

ab 0; " é =0 or b= Q ;‘;
ab >\0~.= \
. T /
X ab < O : ~a'> O and'b
T \ »”
Verify these équivalenoes by golngfback ‘to the definition of the \
produot of real numbers o "“ ;\;‘~\~’ *: =
Exeroises 12 -\20. o . ‘

f;l.

‘ sentences 1\\‘

.aw
§

. (a) - 3y - 6 <0 and 3x Ty +§2‘< 0.
(e )\_‘fd;":“;.‘ By.. 650 and 3X+ Yy +“2 =0
;(f)fvx\,.By\- 6‘{‘0 \or 3x% +'y ¥ 2 éfo .
.\‘(g) 'k‘a 3y\§ 6 = d or 3x + y+230 E e
‘i(h) (x -~ 3y - 6)(3x + ¥ + 2) > 0 L >
‘ (i)ﬁ (x\~i3y ,i6)(3x +y + 2) ¢ 0.
5 \ff“*\\\ . . ‘f . \1:?1- -

v (a) X~ 3y - 6 =

Draw the graphs of the. trutn %ets of the following open ’

sentences ‘ : \
(a) - (x -y - 2)(3x +Y - 3) >0 .

(b)) (% + 2y - &)(2x -y -3) <0 :
(o) (x + 2y - 6)(2x + hy + s 0\.‘-

W

R

(d) (x ¥ - 3)(3%- 3y - 9) <o, ‘If

.‘\» -

k@)(x-@—6ﬂ&+¥+2)

(e) x~ 3y -6>0 and

3x + y + 2 > 0 d

J

-

-

©

_and 3% + y + 2% O‘;‘;

Ty \

-}} 2. Draw the graphs of the truth sets -of the following
oy

AR
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\ PRI * . . ' h A ‘\ ) : R ‘ \
- . - a * D = . h‘
: 3. Drau the graph of the truth set ofveach-of these systems of

o ~ inequalities. (The brace~again'indicates a- compound sentence-

R 4 N o N N A . - < 3 N . R .
vl N N . v L. o . N » P % . . N N S JRCERN

e

> N ~ ) A
Rl

- h \_ with connsgtive and ) 'qlp"f‘ R ::} ’“\N:~gﬁ

3 > . 2 » N -
o :“ > . - ’ R o » Lo N N v CoLe
(e . - . . . s L e Y * »
\ . O ‘e t . FUAN i - - \
[N " - N N L4 » N
N C e . ~ oL
. ) (a) X > 0. e S -‘~(c)\~ ) “4 < Xv< hﬁy .
. . . . . ‘» NN N . » R N .
o . v . . P . - ‘; .
- = N T ~ )
s . - ~ '. * y 2 O f N L > v :‘\ = L N h A " N -3 < y < 3 * a’ A
C o, o BX ?‘- 1!»3? S ‘12 LN RN w0 - -
b RS - e . ‘\ - R . “‘" R g e -
. . . s . 4 . » =" N . N TN
* LN N - e " N a T N N N o oY e ~‘=‘ T a. N
; N A > R - \, -

.§‘w~%¢ lwg3x+E g; L e

[
L'
e

b (Optlonal) A football team finds 1tself on its own howyard
“ line,.in ppssession of the ball with five minutes 1ef€ in

YT the gamé: - The score is 3 to 0 in favor of theqopposing team

-
~

v

~i ) ‘ :5-  The qnarterback knows the team should makeza yards on- each

R running play, but will u&e Bﬂ seconds per play He can’ makemav“}
e 20 yards on a successful pass plax3dwhich use§ 15 seponds. RN
. . Houever he usuaIly completesnonly onghpass out af three R
. . R x~3\q
r o What qqmbination of plays will assure a victory,'or what ‘
N . > \ oy
\ 3 should be the strategy ef the quarterback° "\”\ S - v
- ~;) ‘ ' .&i - 't E . B i ‘ “ i N . < N M NERIE \
p . ; -
v w A e L N
2 " N o * ) , * - S
. ':_ ER X ~ i &:’ : N \ ™. .
. - D ) bl \ \:* .
» b ." - R
: e ‘ ) ok S .
I ) . N . - ) i} v ) ) . - .
."i ) N 3 L+ 3 .
. | i: | . \ ‘ “ .

G
o

¥

L
T
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TRV e o \Q&: » Quadratic Polynomials
s . . “tlv ‘ %r, B . ; . N : ‘; - o | . N o . > ~:“ \ ‘ . '\»\ \

) \, . 1‘8\;-» l Graphs of guadratic polynomials. In Cha%ter

9 . We firs‘t studied gp.adra.tic poljv}aomials, ’chat is. s polynomj_als ) \ o

“‘.

L 1n one variabie whﬁ\ch involye the square but no higher powers ;} ;..: e
o g -

the Variable \ Every such pol‘ynomial can be wri’cten in the form : \‘ \ X \"

\ - e Axe -l: ZBx +C, - °

O . A . - .. ":
- 3 L3 \ o .

N »

N . . .

. . N N )

where A, :B, and C are real numbers with A ;é 0 Is f'-sz(x + 1)2 3" SRR
; a quadra‘tic polyn‘omial*) By the grag of the Eolznomial h -

Ax + Bx + C we mean the graph of the open sentence S

A
N -
< N [ NN N N Dy
g“‘ - . . . .

o T T e Ax + Bx + C. C .
. K R AR . . . N . . Wy N N "' Q’ N . ) . St S

oL We; can make an’ approximate drawing or the graph of a.‘ -

quadratic polynomial ”'by locating some ‘of “the points of the graph o
o . |

“ 7 . . t\‘» N . ‘ : x _2x - 3 \ N : | ‘ i .

Let us list some ox!dered pairs sa’cisfying the equation

N “ . o . . . . N . . N .‘..* . ; . L
o A N N } ’ y : A ? ey 2x - 3 . * \ . . ¢ . R o
~ & > . » -
e LNt . - - TN e - o

| . | R .
B 113

wjro

of-

) 5 1.1 BRSO

- T
i ) 2 ’ : 7 B
S \ y.‘ 5‘-\» 4 // -3 \ 4 ol 31 T
R e Fill 1n the mlssing numbers :Ln this 't;ahlvs-.,~ and then 1ccate these \
I.‘ points with reference to'a set’ of coordir?te .axes. The L

. N A

N NN . »

o N e

N ot > s - .
Slomminn e NN . . L. )
sodoy s . v . . o .
. N o - . .
N . AN NN
. N
3
)

A FulText Provid c ® \ g

ey e

. 7
B N e
! ) 7.
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:Ak‘ ’ “ LT e SR
| arrangement of the points suggests that the graph might lobk like

| the one sketched in Figure 1. 7 i

\\:»w, * ~‘.‘ ) NN > \\

\\Aj ‘7‘ - )

" *
\ .

‘By locating more points whose coordinates etaisfy the equd%ion ‘ |

: yau can eonvince yourself that the graph does indeed have the

ndicated shape.; A more systematic discussion of - the ehape of
L eueh graphs will be found in Chapter lh

‘ Exercises 13 —‘la. o o “ T |
~ ) ) \ . [N .
e Daaw, approximately, the graphs of the polynomials.
‘;;\‘\ B 2x2, for x between -2 and 2. )
W 2 X 2.- 2y for x between -3 ard 3. L St C
S 3. »%—x2+x, for X between -3 and 3. | - f 3
) ) ,“ ‘ £ o - o . . N
X N x2 + x +»1,§I0r\ x Eetween -3 and 2. - s e,
5. WS . kx + ﬂ for x between -1 and 5, T
D 8} \2x2 - 3X - 5, for X between -2 and 3. "\; |
_ e s 'You\prebably‘naticed\that the préceding problems took
. a good deal of time and effort. Even. then, you were only - N
) . N Yo o P ' T e
A \ . '“?’"‘ )
| - 12, . |
s ‘ '



f“l~3 D1 \ Cugn -
: ‘.guessing; at the shapes of the graphs Le’c(us try tp develop 8 %
L xnore precise mebhod fon drawing such graphs | 3
Start with the most simple quadratic polynogial
2 ", (In previous sections we: located some points on the graph» :
L “of\ "y = x°0'.) Then let us ‘see how this.graph differs from that , | .
‘ of My :% 2. , of f v = 2x° ",; of "y -\-%- 2n . lngeneral,\ ‘
what will be ‘che shape of the graph of . " o T .
v . “\. : oy = ax? " ) »
: _wlie‘re a .13 a non-\zérb'reaiv nu?nberv» If we d:baw a1l these\‘gra‘phs o
o yiith re;t‘erence to one set of a.xes, we will be able to compare I ;
.them. A lis’c of values of these polynomials for given val&es\pf
X "is as follows : " T v -
R B s [ ., [ -1 f 1 [ RN
x |3 -2 |-5| 1| -7 -0 HEIEIKE T
‘ ‘ e ‘ i J \ N ‘ ) -
xg h 1 -1]1'- : 1 4
2 ‘8 1 ' g |18
2x 8 . 2| 3 2 \ .
1.2 a1 1. T
1 12 ; ifo1 I B PP
: 35X | -2 2| B c 2 -2
l‘ b . ) ')
" , A N ) : “ a 1 -
_. . You 11l in the missing numbers. The graphs in.Figure 2. - ...
‘ ~are suggested by this table. \
( N R 125 . :
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Exerclses 13‘-1‘0.\ 5 e v : -

L 1. How could you obtaln the graph o:t’ " 2x " from the graph of
‘ . : 2 n ? | \ RN | \ .{ |
é " How could 'you obt&.in ‘the graph of " - %-x\? " from the \grafph |
- - n 1 2 w e o '
S Jertgxtte . B
. 3/ Draw the graph .of " 5x2 " for % between -1 and 1.

g Ty YA 142 n _ o
. U ’Draw the -graph of-* EX for X betw‘een 10 and 10.
‘,\ ; ‘ ‘5, How could you obtain ’che graph of " Zl():;c2

,’. - . ‘ 2
4. 6. Explain how you could obtain ‘bhe graph of "
| graph of " Q\x“ “',“where a 'is any non-zero real number.
i . . \ '\\‘ ‘ % \ \\ ‘?‘:v
n'\ R . » . . \ * \ . . :1 26 . .

n lox !1?‘ ) ‘ 1 ) ' \ : “ ‘ . \»6

- ax® " from the

" from the gra.ph of .



Now tha‘g we have a graph oi‘ the polynomial " 2\ ", for
any non-zero ‘number a, ket us ‘Mmove this graph horizontally to

\obtain graphs o:f‘ other quad;:-atic polyrromial S. As\an example, let

: ~'us draw the gra.ph of . .
° "' ‘ . ‘ '.- -];(x . 3)2 .
s ‘and see how 1t -can be obtained from the graph of " %—- 2 ", Let us.
. list'a table of coordinates satisrying,., the equation | ]
N
\ \ \ o .,
: y = §(X - 3)2 -
Y | ‘ 9 . e : 32
Fi1l in ’che mlssing dugbers., The graph if compared in Figure 3-
, with the graphof "y s é _2 " ‘ | o |
. \ . f - . y N R . \ ‘{. . N '\J\
! .
N “‘
‘ N - Figui*e 3 o y
I - e e .3‘_ \ L ‘ . o i )
 We notice that the graph of ¥y = l(x - 3)2 has. exaﬁt\\ly‘
_ the ~same shape as the graph oi‘




e e o wer s age

"

e s : : 1 2 [ ‘ e

V‘bﬁt is . 3 units to the right. In the same way we could verify

~‘i « that the graph of "y = 2(x + 2)2 n is 2 units to ‘the left of .

2“& 2"

the graph Qf y = ex d has the same shape as "\& fxgx

‘ How could e, obtain the graph of J;)}" S . B #\‘ o

'.n

N . . R . ) s ) ) " N o . : 3
. S 2 : Wy = (x " 3)2 c ;
N N ) . . . . . R AN N . \ N \ \ N »“ s e ‘ t . : ‘
‘- . - R . . Sy \ N . ) . R ’ N A

from the graph;of -

~

- 2
L N \0\

| Exercise 13 - lc.._ “« L T | .
Coa Aftef setting up a table of: coordinates of points, draw

‘\f‘ carefully. thﬁ*graph of o  » ‘ | - L
L . \“\\%,.; . \ 2 | S
7 . e v.= Q(x + 2) : | |

. with reference to’ the same\coordinaté axosidpaw‘the\gfaph of ™

. vy = 2&2\ f}=o

From the figure describe how you could obtain the. graph of

1‘;f2 2(x + 2)2 " from\fhe graph of " 2x2 ",

y N

) 2;‘ For each of the following, describe how you oould obtaln the

1

Tgraph of ‘the. first fram the graph oﬁ the second equation.

(a) y % S(x ¥ ")2 5‘\Y.=\3x2 g \ \ .

il
n
»

(73
f
!
nof
>

e y=-gm )2

N - .]_-' ;I.. a S
IR, (d) ‘ y = 3(;{ “+ 2)

kY

<
i
wj-
o
LY

.. K 1"
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. . R . > N . . . .
. o Y e s o .
“w . - N . . -
A a ~

. ox ~~ : . . . ) . SN 3
g 13 -1 . C e 498 T \
o ‘\ B . “ ‘\ S \ .. . N PO . \ . . » )
. - N . \: . . . ‘\ N . . . N N

3

8. Give a general rule for obtaining the graph of | §

"y ‘=‘ a(x - h)2 " from ’che graph sof " y --\ axe M ‘s where a

and h are real numbers and a. % 0. IR

1

o | | | e
Next, let us move the graphs of polynomials vertica.lly. o

| Consider the quadratio polynomial, o R » '

.~ R V# . . ‘ \ \\b___ : )

L . . g(x --3)2 ¥2y L .

v‘)

: and oompare it with the graph, which we have already obtained of o

" 1(x - 3)2 "L A table o:f' coordinates satisfying .
'y = alx- 3)2 +.2 " is the I’*ollowingn SN

\ Y N S Y R I P R
: - 1 - 2 | 2.5 e
20 I O TR - IR L R s
*\\ .o . ) -5-9- 25 " . 65’ i u
N El ) "l 0
(You" have probably observed that each ordinate in this table is
B f -3 greater than ’che .oooresponding ordinate in the preoeding table )
{ . o
~ » 3, . Q
et | o
. - I
L] 5 v
e e e s e ‘ e T i .w '
~ - |
. D | _
Y - 1 ° .
]
N “ ‘ ‘l 3 2 2 ' EY 3 \l
oL ;321.01 23456
N B ;"\
N . ! 4 ' ) .
B - ; o 0 Figure 4. -
s 12y
- Q ““_ IR ' ’ “ o . “ \ . ;~ R l . 3 o R ‘ : . " ~\

a7
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L . | Lok99 o 0 13 -1
L) o - . "9, A . B .\\ ‘ \ . 4 ‘ - - : v e
.. - Again we bbservé that ‘the' shape of the graph has not
] \changed, but that the- graph of - f . B R )
\\is obtained by moving +the graph of | “':i .
upwand 2. units. - Similarly, we_can show that the* graph of \, S 0
oy —\E(x + 2)2- 3 " ~can ‘ve obtained by moving,jhe graph of
ety 2(x +2)2 downward 3 units - . : RS
_ Finally, we notice that the graphs in Figures 3 and
h are exactly the same shape; and that we can obtain the graph
%*/-e-(x - 3)2+ 2 " py moving ‘the graph of " y=—-%— 2 w0 the |
oo righ‘b 3 units and ugward 2 units. .
v Yl’f We shall see -in-Chapter 14 that 1t is always possible - :i\i
o obtain ‘the g"sraph of < SoE
“,.\:': N a(x - h)* +k . e '
“from the gréphlof o o
T e
. | byﬂmoving‘the”gﬁapﬁ9bf "\yfl axa‘? hpr;gonta:lly~ n units and - \

vertically K unlts. | _~ o
These graphs {of quadratic polynomials) are called

—— L S U W VN

x Earabolas.“ Tﬁé Lowest (or highest) point on ‘the graph is called

the vertex, and the verticgl 11ne through the vertex 1s called

\;l v‘\the\axis. Thus, the vertethf the parabola whosé equation is" !
RS . . . .
‘\ . . % N N
o Q} g = ox?
* \‘ \ . . L)
* 139 ,




~ .1s3(o 0)\and its axis is\tﬁé\line with\the equatibn X

-

»

fExerciseB 18 - 1ld,

LR
3
2
»

3.

‘\‘/"\ y = 1(x -3)2+209

>

A\

5691:\‘

i

‘are the vertex\and axis of the~parq?ola whose equation is‘

»

. LN

»

1. ’Describe*how the graphs of “y = x2 3" and "y = x2 + 3" could

be obtained from the graph of “y = xa LI Draw~all,three

»*,-

gr@phs with reference to the same axes.

How could ‘the gnaph of “y = 2(x - 2)2 + 3" be obtained from S

the graph of “y = 2x? "o Draw‘both\graphs\with\reference £0

the same axes.

Draw the parabol& whose equation 1s “y = (x -+ 1)2 ¥ 9 “l. - |
Describe'how you obtain this graph from the graph oﬂ “y = x2 LI

0. What“‘.

M

What are the coordinates of its vertex and the equation of its

axisv

-3

A

‘Draw. thefparabola whose equation 1s "y= -2fx + 1)2 + 3 I N

How can this.parabola be obtained from the graph of. "y = 2x2"9

Find equations ror the(gp}lowing parabolas

- (a)
(%)

(c)

The graph of "y o= x2 n. moved 5 units to the left and

*

2 units downward

]

The graph of " y
3 units~ﬁpﬁard.

The‘graph of " y\;

(Y The graph\of "

+,

=~X% " moved 2. units to the left and

and 1. unit downward. o N S

e T a

NS

lx? " moved = 2 unit\ﬁo the right

~‘1(x-+ 7)2 4 " ‘moved "7 units to .-

“the right and 4 units upward.

v
.

131



‘a N

‘T“obtaingﬁ by moving the gg§ph of " y.= X

* Now we ask: What is missing inside “the parentheses S0 yield a |

?

6 Describe, without drawing, the graph of each of the following*
/\

NE
LY .

."\(a)' y = 3(3(?2)2 *\1‘- ‘\ “ (c) y;_(x‘_ 2)2-
co) v = (xw 3)2f+‘l;\:~ (d) v.= *E(x +1)% 4+ 2

]

-

. 13- 2, Standard Forms. We have learned how to obtain

the graph ‘of "y = (xl— 1)2 . 4" gquickly. This is the parabola

2 n ;:»ﬁnit‘té"the\right

and . 4 aniss downward We also notice thai -

o

»(x - 1)2 -l = x?\- zx - 3adfor every real number Xe Therefbré;"

%

we have obtained the graph of the equation ' .
| | oy = x2 - 2x -3.

¥, v‘\.g

e
.

Suppose we were given ‘the equation 1n\the form

“y = K? - 2% ';3“ 1nstead of “y = (x - 1)2‘- h“ . How would we go
&about,fin&ing “this secon@ form°v The fact to no¢ice is that in

'~‘the"second*forﬁ, x is involved only in an expressionﬂwhich“is a

peffeqt~équére; Therefore, we might ask ourselves the qu;\tionz

How"can %
. .‘"~ . o ~\

involved only inra perfect square° o S,

We can do this by working backward" from " x° - éx - 3"

v

as follm\rs'~ . R *;‘~“1f .

‘ T o
x® - 2x-3=(f-2x )-3,

perfeet square° Clearly, what is needed is a 1", why? Then

we have . \ : : | R |
. L o o SR T
o x®izx - 3e (x5 - 2x 4+ 1) ~3-1, o
R (O D R O
3} : .
’~. . \ 1?4 ?

. L NN

- 2x - 3 be changed into a form in which x is R

Q.~ | : ; | 501 o . ~ )\‘1.3-2 N



N

R \
. 13 - 2. - s o o
Why' did we also add ".1"as well as " 1 "? f

~ Let us fcllow the same proceduge with the polynomial '

o “3x - lEx + 5", We have e
| | ‘3:'5'-12x“\+'5\=3(x\ Q-ltx )+5,\ _
L T e S(X llx +4) +5 = (3)(h) 5
B o _‘ ) . 3i(:;c - 2)2‘ 3-‘ 7 . \“‘ e
S \f{‘encg\, thé ga‘:'aph;‘oi‘f‘a o SN IR ":. . : L “” . K
| Do | 5 y\'= 352 -\1'2x +f5‘ L
. . | | o D \
is a parabola with vertex (2, -7) and axis x = 2. Itiis obtainec{ |
\ by moving th.e graph of’ "\y = 3::2 " “bo the right 2 un:t.ts and - ¢
. downward 7 units e "y Sy . ﬁ\‘f
. ‘ . This method of wri’cing a qua@ratio polynomial in a form
e in which the variable is imrolved onl& fcn a perfec’c square :Ls
called completi ng the square. - The resulting form is g,alled the y
- standard i‘orm of the quadratic polynomial. . ‘" ‘
\ \ o, B N ~ L
Exercises 13 - 2. \_ . ;; - R L e / ‘\
1. Put each of.' the fo:l,;l.owing quadratic polynumials in st.anda:‘&i
. form: . R N \ R
. \(a)xa‘;gx‘ - NN _10;{__5 DR /
?(b)"xa‘wi:-‘i-i‘ - Ag) “ux® R
e} g2 I L
{c) + 6 o P “{(h) x2 + kx, k a2 real num’oer SreTT
" (a) xg‘- -2 (1) . x® +2x - 1 - R
, (e)‘ x° -‘!35: +2 - (xj)*‘%xe- 3:x+2_. . , _ r-s
. ) o .

W



N : . .l
Ly e L s 13.2:
v Put each of the following qﬁédra%ic poiyﬁomiélé ;n~§t£hda?d
' form: . ) | ) ; o | )
SN O SEE R @ e -5
R i(b):‘ x2+3x+l o (q) 6P -x-15
{e) .. 3x - 2x | ) ‘(f) (x +1 - \/’)(x + 1 + \/")
. 3: Describe, without drawing the graphs, thg ﬁarabolas which are B N
’ the graphs of the polynomials in problem 2. S ;
. 4. Draw the graph of - ) R xf
. “ ‘.:‘f - y = x2 + 6x + 5 ‘
o In how many points does it cro$s<the x-axis?“Whét pbints?“~“ ‘
. 5; Draw ‘the graph of RS \\~\i\ | e 7
N . ‘~y = 32~+fax f\9ia\ , . o N =
) In how many points dces it cross the x-akis?~;Whét;points?~
. ;f6. Draw the graph off . : o -\ .1\:,\‘1‘;f;;
B B 'i—‘\ \‘\‘y==xa~v6x-fl§ T
: o \in~how many. points‘does 1t cross the x-axis? ) | :
’ ‘“ f%, Solve the equations formed An problems 3 and 5 Dby letting ;-
. L v have the value O Compare the truth sets of these qquations -
w wi’ch the points where ‘che parabolas cross the- xuaxis{ Devise
: | a rule for d%termining the poilrts in which a parabola c%osses B
* \8. iConsider the standard forms of the quadratié polynomials 1n :
N ; problems u,\5\ and 6. Which of these polynamials can- be
. factored as the difference of two Bquares? |
.. . - ~ ‘ ‘
‘?\ v ) o T
. ) ‘ .15{@ ' : \ T .




13 - 3. Quadratic g ations.» Indprqﬁlemi T ye \“‘} o

+

o learned that the graph of the parabola

vy = Ax2 + Bx + C . .

| crosses the x-axis at points whose abscissas satisfy the equationf" nf§

o ‘ AN . . s :K\~
S AU v : . . ¢ . s " SR
- AR o Ax® eBx o+ c = 0.

. . N . . N . .
- R . . . —-
- N 3 ~ ~

o' This ;s called a gpadratic “gdation If & %’O e S 1  SN

'.d <}§:::3§e solved such quadratic equations before in the cases o
Y \

2 +-Bx +C " could be factored over the 1ntegers. Can oo

)

where " Ax
= \" 2}:2

how you solved the equation e

- 3%+ 1 " be factbred over the integers° I so, review

\"0\ . . . 5

. ‘ .Now we can g0 2a stép farther, because we can write any

\' Quadratic polynomial in standard form, - = SN
\ ‘ L e " \ . 3 e
\Examgledl; ‘Solve the gqhation
e T x° - 2x~2=0. o
First, we write the polynomial in standard form o
o - ‘ ". . . \ \ s
e e S 2 2x -2 = (x- 1)2 .

" v

. Is. there a real number whose square is 3°? If S0, “We may treat

IS

. the polynomial»as the difference of two squares \ \ Ty

. o - eﬁ_ 22 (x - 1)2 (‘/_)2 \ L

Next, recall how ﬁo factor the difference of two sqgares._i N

-

L (\/é)"‘ Y)Y B L

Cow



o

BN

N - D R \ »
N N a
BN

Now we have’ factored the polynomial over the real numbers

-

~\€:f‘ \ f@\’sx2:~ Ex - 2 (; -k o+ \/;>Cx - l - \/F)

Mq;tiply these faqtors and vsrify the produqt. .Tnp final step in

. ths sblution is the familiar process of writing the equation

- -

t»mm»w»Writing it 1n s&andand form, we have

EXY

ot

ab = -0 " 1n 1ts equivalent form "a < 0 or b.x O “i, where

a and b are real expressions. ‘Then the sentencss - )
' ‘

N

. \‘W“‘.--s} 'T\\"‘XB-EX-E‘O, .
ko,

M . - . L
1 + '\/_ > \

. are nll Equivalent Hence, the truth set of the equation is

R =1+ \/“ 0 or x= 1< \/§fs;o ," . \> {’d1\
; ~““\“f L f,~ =1 ﬂ/f or x N .

’li’l

°

You see that solving 4 quadratic equation depends on

are polynomials over the real numbers, we can find ths truth set.

L 3

L B
&

% . \ax+2

-»

‘?‘“.

xz\f 2x + 2= (x -1)% 41 ..

>
a .

This 1s‘npt~the.aifferénce of two squares, and we tannot factor

" x% - 2x + 2 " over the real humbers. The equation ., -

A

-, ss . 13-3

B Y

~\[;1‘.»\/& 1+M/'} o . .

. our being able’ tg factor the quadratic polynomial It ‘the factors

Fprthermore, belng able to factor a quadratic polynamial depends N
upon the standard form of the polynomial If it 1s the difference

of two squares, we can factor it over the real numbers. \ f‘
\Exangle'e.\ Solve the equation § .



2w

' R N

¥\\3;1 Solve the'following quadratic equations * -

v3 Find the coordinates of the vertex of the parabala whose

NS
- N
g ‘ N b - .
. § . -
¥ N
- . . a N
. - .7 . N
A .‘ » : - N 3 N
AN . . . Ry
) 506 {
506 .
N *

’g‘ (x - 1)2 + 1 =0 . -
annot havesreal humber solutions, because (x ——1)2 13 always
greater than or equal to 0 for every real number x. Why° .

e

Toom R : \ N a

Hence, (x - 1)2 + 1 is greater than 0 for every real number Xe
Exercises 13 - 3.  .“4 §<:3:; o ,;“ R

Factor the following polynomials over the real numbers, if : ‘\~§€§

- » a
. . . »

possible"~} \\ ‘~ o f‘;f c '3‘; o g
(a)_2(x+2)2 - Hoe) AP o

B C
(b) x? + ¥, “ . § (r) 9x - dex % y e
(c) 5“§ =X 15 I g(g) %%+ 2x - 1 3 .

~ N w

- \,' N . N L
. ]
vy 8

(a) A, 2}2 r 1 SRR R P T D

X N . . . R PN

(a) XE § Gx + h * Q" N (d) X T= 2K+ u N L “*f‘:..,gg
d N N : SRR SRS
RS w2 () 2f mdx-q 0 -

(c)ﬂ xa + 4x + 6 o - . (f) lEx S Bx = 15

~ ~ v
’ i# N . \§ .

NOCY .. R t*
-8 - A

equation 13

R}

o

" ;\.,‘ : . . ® 1" Yy = ...3}( + 6x - 5 . -
A \ L N 0\ - ‘ - . ’\ . C
‘What 18 the larges ~value the polynomial " esxg +6x - 85" -

:’ M.. ) . . R R s
\ canﬂhave° ‘\ o : IR e

¢

L \ﬂ# \The polynomial "

‘f§‘;§ tbis\in@egep?\ Are all the values of tne p@lynamial integers° f“

2

RRRUSEERUR N WA 0P T,

8x 4+ 21 " may never have a- value less

s
» .

~\than what posi%ive integer° May it have values greater than'\wi~,l»£

° N . . N . . s . C et
. NN . N ¥ .



. v
* \5‘\
* »

o ’lx\?ndmitS"etanderd~fOﬁm ‘ﬂ "~~ SN . “‘L

19'5 :

:Consider,ﬁhe polyﬁamial - L

"‘Dfawfgrabhseer;}ke foliqﬂgngfepehfeentenees£\\ S
\‘(a) y < x + 6x + 5 |
f“!bJe_y__me.Q_eandegz . 3x

2x% = bx = 1

3

Pt 2(x - 1)2 . ;

Is 2 the square of a real number° Is 37 Hence, .

" E(x - l) -3" is the difference of two squares ‘and can be

~\f.'a.c:tcn:*tetl over the real numbers

2(x - 1)2} 3 Q\/ﬁ(x - 1) *\/?)(\/*(x - 1) -'\/5)

wnat is ’che ’g,ruth set.of the equ,ation . ";

o

D

: 2x - Mx - l 0

The perimeter of g:) rectangle 13 9h feet, and its area is

v
.

n96 square feet What are 1ts dimensions° ‘\f» .. . o
‘T\An open hox 1s constfucted from a rectangular sheet Qf mhtal '

e 8 inches longer than 1% is wide as follows* Gut of each

corner a equare of eide 2 1nches 1s cut, and the sides are -

;jfolded up. The volume of the resulting box is 256 cubic \‘W\

inches. What were the dimensions of the original sheet’ or

R

. '\\ 2

8

f{c) y > 3x - 2x : N
(ay Vi“e‘ x° - 6Ix| 3 5 . ‘“ . . '

- 12% + 13
2 NN

W

. : ~ Lo . . . N .
' . . . . N N .
. > -
R v . L o ~ ' o
. - " AN . . - .
e A38 O | ‘
. . . N . AN ~ ~>‘ . .
. . N v < ) . . . ¥
. < . NS N
» kS



A S ) | | \ bhagter 14

. e ‘ . “Functions

»

T

\14‘-‘1; vﬂhe function boncegm Are you good at explainiﬂg ‘*f
| thiﬁgs to other peogle” How would you explain to your younger ~~‘,:i§

»

brother exactly how to find the cost of sending a firstnclass

\;parcel through the mails° - :jf*‘\ < o *“.ﬁ*“\,‘f‘ . “~i”1fisff
L Let us say' that you first go to your postmaster~and learn \\.u\éugi

| these facts about firstwclass mail A parcel weighing one. ounce | |

_or leas requires k cents postage, if is weighs more than ane ‘

T L ou}me dnd less than or equal to two ounces 11;i requires 8 cents “

AR A postage,*etc. The Post Office will not accept a‘parcel weighing

o ‘f;zmore ugan 20 pounds for first~class mai}ing . a ‘

You would probably £irst explain to yﬁm\lwother that he o ‘ -
shoulq;weigh his parcel carefully and find the number representing *V‘l
_the weight ¥n' ounces _ To what sét of numbers will this number
belong° °Describe this set exactly Now you_will eXplain how to

| determine the amount of postage required This will be a number

in cents «To what set of numbers will this number belong°

~ Describe this set exactly.%slf ycur brother's parcel weighs Sﬂ'

ounces what will the postage cost 1n cents° How much if it .

r———" A e g NEN——_

e P

weighs 20 pounds and 15 ounces° (Remember the restrlction on %he -

weight of the parcel ) * . - e e e ».’ Aﬁ e \"W.;-:

The problem-of finding the amount of first~elass-postage ‘

N reaily is a problem of pairin& erf‘the numbers of two Sets. ‘The |

numbers of the ﬂirst set are the real numbijf betweenuo and 320

®




o .
6" \Q‘ .
- -« . =y
. 3 T ’ - R .
. : S - > ' ° *‘% o ) %
. D i . ‘: 509 - ‘lll“- 1l

o N \ : ' EY
1

feprésenting\weights of paréeis\inigﬁﬁces The‘numbers‘of\the ‘

~second set are pbsitive integars betueen 0 and 1280-reprebenting
\i‘i.5f°°°t5 of post%ge in cents.\ What you are really explaining to |
‘ your brother 13 the description of these two sets and the rule {
wnich tells him how to take a given number of the first set and ‘
\:associate nith it a number of the second set | : \;3 F“uf“f‘
‘ Your | ‘orother. may ask you for a "formula" (to you this would
mean an eipression in one variable") which would automatically |

give him .the amount of postage for ‘each number n of ounces. Can

you find %Fch a formula which assigns~to eachxreal number n iﬂ *
‘\libet'een 0 &nd 320 the number of cents in the required postag;’e9 ‘ \\\ \‘{
,:NWQuld N \: .\\\\ R o - | “ ‘;gg
" be such a formula? What 18 irong witn 1t? ) o - R

N <

g : If you can 't find a formula possibly you ‘can Sati’bfy your

‘brother with a graph which will tell him at a. glance what the

0\\ N

\ pQQtage costs ,Let us draw & portion of such a graph (for n~ in
' ounces from m = 0 to n = )) B o
. ‘,25-0\\ ] \ ." N o ' . “ ‘ . . ] ‘ \
‘ ’ . . A . . \ N ‘ :.i X N \ i R ) :
20k : . o ° ‘ "\
. \ N N s - . ) \
U [ . e |
I T O
S \\12'&‘ M i ,
" 8Lk  o—-o
y ) . ) ¥
) i ) i A — ) -
. o 1 2 3 .4 5] n \
? *‘ 149 | “
A\ » . Q ®



“o ) . . - N N . ’ ~ 13
. . N . TN
R . N . - N
. . . . .
- . . . . - . . R .
* . N . . :

, B 12;. - 1 ;‘ o - o "510 &“

Interpret the meaningo ok the circled points and the heavy dots e

L3 -~

.on the graph ‘How would you explain to your brother how to use

”ﬂﬁis graph to find tﬁe number of ce“t*-assoeiated sith.wib»
| ounces°\ With h ‘ouncesv | /‘7:1 N
) Maybe he uould understand the postage problem better lf youf“
. B drew up a table for him. Let us say that his scales read to the
S ; nearest ﬂ* ounce.‘ You i1l in the missing.numbers in the table'-‘.

o \
First Class Postage. .

a1 1] 21030102 ]o2].3 1% ’
E‘ l ~%E\ ¥§ lﬂi 2 aE‘ Eﬁnkﬁﬁ- 3 ‘§E' poﬂ

*

oynces|. T

)

denté ‘ . 3 ‘_ SN - N ‘;~ t\. B 1 ‘\‘Oo . : ‘~\¥

-

You need not feel ;isappointed in not being able to find a o
\ i\formula for this assoeiation.t ‘There are many associations of!
*1§:I " number {oh cannot be, described wi§h an expression in one -
\\variable. The important point 1s whether the association can d
be described in _nz'way, shether it be in terms of a verbal
description, a graph a table, or an eXpression in one variable
~ There are many places in the preceding chapters where we have & ~f

T \2had occasion in one way or another to associate a real number with

o | each eiement of a given set. ‘ Nhen an idea such as this turns VP—
’“f;;““i”“*in such a variety’of situations, it becomes - sorthwhiisjto separate
o j the idea out and study it carefully for - its own sake. It is for
R this reason that we now make a special study of assoeiations of
Vireei numbers of the kind illustrated in the above postage problem.

\‘}First let us examine sohe more situations which involve such

L N * “

S \essooi@tions, N S

S ~fx>"1£11>1

Provided by ERIC. R R - .. N . X - )
A - . EEN SR : ; T e




R

~ {a) |Positive integer n| 1

Exercises 14 - 1a

-~

\1.‘ In’ each of the following, describe carefully the two,se’cs~

and the rule whiCh hssociates viﬂh each element of tne first set

an element of the secgnd set. ‘?"

2 [3{nl5(6]7

: 10 e ;

nth““’csad”mteg’er

1r3 5 *74 9t

(Fill in the missing numbers .

With'13 ? with 1000 2) RS

(p) Imagine‘a Speeial\eomguting machine{which accepts. any

Wheﬁ number '1s associated

AR A

1

. positlve real number, multiplies 1%t by 2 , subbracts >;
| from this, and glves out the result: ) T
‘ : \ e .Zl_./"‘\ .
v ) Multiply by 2 ||| Subtract 1 |
: § \__’l C : |
: R . 2 ‘ . R
\' - ‘ ‘ oo 1 \é ) 'f
) e “ . —— .
- . ts**'ﬁ‘Q ;
. < S
(If you feed this ‘machine the number 17, Jhat uiﬁl come out?
5 > ﬂfnac numper—does—the maciinme assoctate Wit 0 Witiv I
_— ‘ A R * v e T > ) ) J ’

P i e

R . A -

(c) Draw £wo parallel real number 1ines and let the unit of

e e W

-

meaSure on the upper line be twice that on tne~lo.er line

E

L Then slide the tower line so tnat its point 1 is. directly

*

R



below the point 1 .on the upper 11ne Vow~for~each\point onr L .
the upper (first) 1ine there is a point directly ‘below on | ‘
the second line.; (what number ie below \-13 9 Beloa 13 ?

-What number is essociated with.lOOO by this arrangement°)
. o » o W o .
S (d) Drar a 1ine with reSpéot to a set of coordinate ‘axes such
o “that its siope 1s 2 and qts y..int;ercept number is 1. For

o eaohlnumber a on the x-axis there is a number .b on the \\

ypaxis such’ that (a\'b) are the coordinates of a point on‘the

N \& »

given line (If‘we pi@k nl on the x-axis, the line

KRS

‘;assooiates with -1 3Lhat number on the y~axis9 What number o

-

s s associated wl‘ch ..-é ? Wi’ch 13 ?)
' (e) For eech real number t suCh that “ttl < 1,. use‘the 1ihear -

\ “expressioa "2t - 1" to obtain an associated number (What B
o \np{mbe:r does jchis‘ expres:sion aseociate;;vith ,-% ? W\:I.\t".h . 29) .

S S S o e ‘ Co N
(f) Given any negative real number, multiply it by 2 and then

. subtract 1. (What number does this merbal instruction \

. assoclate Men <132 Vith.0 ?)

AL 2. In .each of ‘the foliowing,‘deSCribettﬁe two‘sets 1nvoiveo and

. - state verbally the rule which associates the elements of the -

sets Tell in eaoh case, how many elements the mle .

/

associates with each elem nt of the first set

J{a) To each,real number ¢ /Auch that c < 1 s assign a number

*\n *
. . T o

\ 2o‘- 5 .

AN

(b) To each real number d aseign a number e Sudh;that

i A
(d, e) is T’eolution of the. sentence "d = le|". e
R O B o

A

‘e

- +



©

S
A

a solution of the sentence' p > q" )
(o)f\To oach rational gumber o, assign a number v guoh,phatxli\ - -~
(u, v) is a solution of the equation' » ‘~j f* \;“ x;; | |
f‘v'_?\:u.f\, . B
. - | o .
3. Give a preoise verbal desoq!ﬁ?ion of the association of. ;
ueight and cost.of a first- lass paroel o v
E.;_‘Dés\ribe the workings- or a machine that ueighs a paroel and *a;,;
| ‘automatioally places the proper first-olass postage on'mhe -
~parce1 - - . U L e Y ,)F
Some assooiationb, suoh as in problems (b), (d), and (e),
assign to e%fh number in the first set more tnau one numoer.in ‘Q‘ ’
the second set You will notice, however, ‘that."in all our other h o
problems and.examples, eaoh numbef seleote *Prom the first set ST - :
was associated uith exactlx one number of the seoond set. | )
This 1s the im‘ rtant 1dea we vant to study Wo oalliouoh o
\~an-association o fune *on. ‘h%“ of;ummw w»owm4;h¢:*hfdowowmwbmw
. - S § o \ : . - \“
L | ;iéivén\a\sot of, riambers and s rule ihich e \r o
‘fv“' N §$$iéns‘to éaoh nuﬁﬁeﬁ of thls §e£:é;éotly one o
‘ | ‘\‘yﬁumber;\the fesulting\assoéfétiﬁﬁ Of‘ﬁﬁWbQ?S ;* . . \\Bi

sf\- N ‘\\‘ ;\| \ \
\Q ) -
“‘ . < N \\‘. - N . ‘r ‘ “i
513~ . . - : Lo e
(&) To each real number X, assign a number ;y suoﬁ that (’
“‘ is a Solution of the equatlon E' ke o - ’ ‘*\‘S

‘~(d)\‘To eaoh integer P, assign a. number q 'Suoh that (p, q) 1s

2




e e

is called a function The given‘set is called ey

| ) " the domaln of definition-of the function, and
- R — | !
- \fthe\set of assigned numbers is called the
range of the functlon. . - . .=
¥e must: be extremely careful to. understand that tn . ;~\\ ‘f

o a N}
associations are the same function Air, and only if they have the

. same domain of definition and the same rule. This, the functi“n
of proble 1(d) and (e) are’ the same, even though they’ are
described differently. But the functions of problems l(a) and (b)
,;~ are different because they have differenéﬁdomains orﬁdefinition.

Now we see that a function may be described The

a table, as in problem l(a)\, by’a machine, as. in problem l(b)
B by a diagram, as in problem l(c) ; by, a graph,‘as in problem l(d),

by*an expression in one variable, as in problem 1(e) oq‘by a
\ veroal description, as, in prbblem l(f) o Q" o _ﬁ‘\ \ ‘ .
S e s .
For our purpose, the most. important way of describing a \ ‘ L

. function is by an’ expreSSion in one variable, since it allows us

to use algebraiC'nethods to study the function. On the other o Wy

L]

- hand, it snifld be reallzed that a function need not and in any

‘cases cannot, be described by an eXpression in one variable.

L &
(Recall. the ekempie of the first class postage.) The graphical

S - method.1ls also important oecause it enables us to visualfze cerv

tain properties of functions.‘ o N o

Y

»

Exercises 1h - lp s ‘~ Cot ¢ A - \

,
.

l{:" Which of tne problemu in Exercises 13 - la d}scribe function

IR M . . : . PN o > . N AN .
. ‘ . a . . N » N N DN
L4 . Al . 1 * .
N 3 . NN ’ ) B . “‘) “$ - . . X
= 5 N N . > ~ N N
-

*
~\\*
o -~

Y




. s — -1
| if any do not, QXplain.why not.
‘ N

;\2, For those problems in Exercises 13 - la which describe .4

N\
functions write if possible the rule in the form of . an |

. . T
- expression in X where. X~ belongs %o the domain of .

definition. For example, in problem 1, the rule is given by

. "\5x‘, where x is a positive integer. .

| 3. lIn~each of the foliowing, descrihe (if possible) the function

in two naysi'~(i) ny a table, (11) by an expression in X -
h \ ; A vo© . 2
I# each case, describe the domain of definition. ‘

Ny

(a) With\each\day associate the‘ihcome‘of\the ice~oneam
\ vendor in Chapter 6 N ‘ ,” " | |

¥

" (b) ‘With each positive integer asSooiate its remainder aften L

" aivision oy 5. o \._ |

. . »
" {¢) To each positive real number assign §-of the number

o 2 . St w

increased by 2

associdte the n°h

»

‘f(d}T With eaoh poSitive'integen\\n: ‘prime.

(e) Associate with each day of the oar‘the nnnber of days:
. remaining in the (non-leap) year - jf‘ _\'\

(f) Associate with the number of dollars invested at" 6?75

for ‘one ye r the number or dollars earne& as interest

3

the 1engtﬁ of the circuﬁierence. N L

v

3

‘(h) Draw two identical pa9a11e1 number 1ines and slide the
loger line so\that‘its O point is directly under the



o point l of the upper line. Then'rotate the” lower 1ine
iﬁ%f\ ' - . one»half revolution about its 0 point. Now associate\
| | - wilth eaeh number on the upper 1line the number directly \

fbelow it on the rdtated 1ower line.

——— S e e Y ey v

ad

-

\h; . With each positive’ integer associate the smalleet factor of
‘J‘the integer (greater than 1). Form‘a table of ten of the

associated pairs given by this function. What integers are
aesociated with themselves? . ‘ .

LIS

\SS.‘ \The cost of mailing a package is determined by the weight of
the paekage to the greatest pound. Thie can be deecribed as.
' To every positive real number (weight in pounds) assign the
’integer which is eloseet to it and»greater than or equal to
it . Does this describe a funetion° Can it be represented

. by an expﬁession in one variable? What ‘18 the domain of

‘definition” (Note that the Post Office will not ‘accept a

Y

o

*

i » a,package which weighs more than' 32 pounds ) What number\

E3

\T’ doée this rule aseign to 3 7 ? To 5 2 B SR

\\

*

6. Assign 0 each real number X the ‘number ~l 1f x is
R
;rational and the nnmber l if x is irrational What .

ij1 C \‘numbers are assigned by this rule to . -7 --ug, :%;;
;.\‘ ZP \/"' EP\ 106 ? Can you represent thils functign any ’

\\way other than by the verbal descraptionﬂ

7. Sometimes- the- domain of ‘definition of a 2 lnction'1s not . -
stated explicitly but is under§tood to be the largest set of

o . real numbers o whiclg\ ‘the rule ror the funetion,can be
N ’ ) } . v . . N ] ‘

N NN




1

‘by the expressich

LT mr e T wen

sensibl& applied. For exampie;fif‘a\fnnotion ;’Ls‘\cl\‘es:.oa\ribec‘t\~
l . . C 3 N

its domain of definition is the set of all real numbers

S

\

R 4

\:8:\

- of definition of the functions ihvolved in the following

different :E'rom -2. (Why‘?) Similarly the. domain of o~

deff??tion of the funotion defined by X + 2 ‘ 1s the set

A Y .

of all real numbers greater han or equal to -2. (WhyV) :

Find the domains of derini ion of the functions defined by . B

the, following expreesions.

(a) x (e) 3-‘ I f ‘(e) A/ x2 -1

X - 3

o) '\/ax-a @ '\/ \ (©) -2---J
In certaln applications, the domain of definition of a
function may be eutomatioally restrioted to those members
which lead to meaningful results in the problem. Fof"
example, -the area & of" a rectangle with fixed perimeter

10 is given by A= s(5 - s), where 5 ie the length of

ca side in feet. The expression s(5 - s) defines a function %

N .
for*all reai s, but in this problem we must reetrict s j

to. numbers between O and 5. (Why°) What are the domains

-

problemsr>

(e) What.amount of interest 1s earned by investing

x dollars for a year at h?@ ?

= tnen; ‘nlese stated»otnerwise; .

- .~ .

-



. e N - N e
'lhié‘Q‘ S 518 \ |
S ) (b) A triangle nas area 12 , square inohes, and s e
\ base measures X inches. What is the 1ength of \
,cu‘x - \ . . ' ‘ f.\"~~o .
R itsialtitudeziii, : . T
;i S ~(e) \An open “top rectangular box is to be made by out-

*»ting a square of side X inches from each oorner
\ of 8 rectangular pieee of tin measuring 10" by~
- | 8" . and then folding up the sides.' What is the

-

volume of the box° T

3
-

»

: » . ’ ~ @? -
‘lh -2, The function notation. We have been using letters o

as names of numbera. Ir a similar way we shall uee letters as ;f
‘names for funetions.‘ e £ 1s'a glven function,~and if x ie
a number in dts domein of definition, then we -shall designate the '
- number which £ assigns to x as f(x) The s§mbol ~“f(x)"k
' i~‘read “feof x" ‘(it is\not £ times x), and the number f(x)
L is called the value of £ at. x. |

>
-

The function notation ie 8 very efficient one. Thus, when f

W

. we wish to describe the function f . "To each real number x

assign thé real humber 2x - 1", we mey write

- . ‘ S e
. f(x) x - 1, for eaeh real number X.. S ,,;/ffff
. . N . N {. . 1
- 1 , o ) L 1: . .’. e k
. Then, f('&-) 2(-1:-) - 1 = - 'é- . » -ﬁ- . !
‘\§imilarly £(0) = 2(0) - 1 = -1, Also,  f{a) = 2a - 1 . for any ‘j““;N{iil‘
) S . " real humber a. T ‘
, \ . ‘ RN ’ . \ 1o ll. )
“« What real numbers, are represented by f('§)’\\ f(«g), f(-é-)_, '
£(s) ‘ﬁhere '§ is a peal number®? If t is'a real number, then N ;‘\‘;
T () =2(et) w1 =g AL AT T & 7& |
L e ST - . - R -



SR b " 519 . Y11 -2 Coe
What. real numbers a.re represented by: | .
.. f(-t), | -f(t), af(t), (s 2 1), £(t) 3 o
‘ Semetimes a function 1s defined in two or more parts » such N t
‘88 the fhnc‘b:l.on h defined by ' - .
hjx) = :t‘or each number Xx. such ’chat %X > 0 }
o h(x)‘ ; -X, for each numben\ X suqh that; X < 0 x a
- . - i
This is a single mle and :Lt defines one function, even though :U; ‘ o
:mvolves o equat:lons. It 1s customary 0 abbreviate this mle .
. : NN RN )
totheform “\\_..\ e -
‘ m‘h\(x) = o : s
‘; . . o N p _x’\ < 0 . / Lo . ‘
What 13 the domain o:f‘ definition of he- 'I‘he range of h? ' No‘cice SRS
\;' ; \ that 1&‘»3) = 3 and h(3) = 3. In fact, pe have worked with ‘ L
L ‘ . . - e ‘
. this function h before 1n the i‘orm T .‘ \ Y R
> . e S S R .
h(x) lxl, for every real nwnber x. I
] i % N N N .‘ . “ . ~ ~ ’
Le‘B us cons:lder another.,;t‘unction g defined by the rale: , o,
& .‘ ~ “ o RN f . >, ) ~
S | g(x): ="=l, for each Peal. number X such that X <0, ’\\
| . g‘(xf) = 0, for x =0 s I ' ‘ ‘ ' -
.o " % RO g(x) = l,‘\ for each rea;L num er x such that x > O ‘
* It :l.s important to understand that this ws also a single rule for 7
U - § s:ingle fun on which happens to be deacribed in ’chree parts. ”
For conven:l.ence in wri'bing, le’c us again ?bbreviate the above R
. functlon & 't;o the foxzm S L Y
. e B | ; |
—_— 150 / : - o



e
R

RN Q}' ‘ b N 5
A . RN »:, "3’" Qo.&gm‘*%nh‘m&’ )J‘ ¥y

RN

1u é

B T s .‘;!% R
0T s R 1@.‘ > 0 . \ A CLE s
LT e S SR ol e
24%%’ .Notiee*that g* assigqs a nnmber to every real number, hence, the

-

e demain of definition of - g s the~set of all real numbers . What | T
3?;:“\j is the range ‘of the function? \We see that g(-5) -1 an& :‘J7:‘\33;€
i\\ | g(#) 1. What real npmbersQEre~repreeented by g( 3. 2), ,3(0), . i\~ E
;;L;,\_ g(ﬁ), g(\/") ? Ir 2> 0, what is. g(a) 2" Nhat is’ g(wa) ‘fgxi“:f
If a 13 any nenezero real number, what is. g( Ial ) ? - Is it BRI
possible to write g ih‘tenmg of aerule wath a single eqn.va.t;.’:.on,.,‘~

i:fff\i;‘ as we did ‘for “the’ function h in the preeeding example?
. ‘ »r“‘ 3

N

-

Exercises 1# - 2.‘~ RS ;‘; : e

L

Dy

C . Given the fuqftion F. defined as follows. . . ﬁf
= F(X) = - 5‘ for each real number X0 \‘\e:; R :

TR e ey ‘ ‘ e N

e What real numbers are represented by IR ) 2

Lm0 T @ mee ) f
S ®) “F(Q) I *“‘—(h) F(t),» for any real.number t :f fii
@R @ e
S | N " {a) "F(1) - »{‘fj~f"f ;‘\(3)-‘F(2t)\"s e
\Lf~_ e f;?if.(é)"F(o)\ Co “\\1. (k) ,F(%g f;; S | S Yy

@ omee L PR

Y

>

.;k;;‘ \ -
LI 2 irGiven the function G defiﬂed by

A —— e e 3 mte e e et tean S es et ae e et m e s b an me NNt v N s e swmeaan

»

'\“¢\ ~ g(t) Itl for -each neal number t. - . | -

» ~
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S o .
.. .
* ~ »
Lo
N “
o we
be s
. §,
Y ~ 5
-y
Ay

.
-
-
‘.
NP
4
LY
N
»n
-
=
3
1 Y.
.
N <y
»
SN
\\ o,\
w
. -
.
»
e e
\0
[N
A ]

AL
N N
o
>
5.
- N \
- N
N -
~
-

- 3‘
13 .

e * . - x,

Whax 13 the range of G'> What reaa numbers are

represented by \1  SR I

Ky T

(a) G(O) T .

r-4~b) G(ar)»- G(-a), i’f?r'ér.i&realiﬁumbai' a .

(cl _izﬁl D S s |
* & ) “w . s O .
aCOnsider the function h defined by. N T
Yo 4! e R ~ — el ‘
S R e LA ° i |

o n) = ;0 t—O,,

«

) -
R . IS . .

s E N N - .
N

N . - &,. t > 0 .
- 3 - - " N
» . .
N s “ N

A3

Hon does this function <h differ from the function g
defined in section lh - 2° (No%i\e that thﬁ same function“

may have different names- and dffferent variables, providedjfj‘

the nule and the domain remailn the Same. )’

Consider the function k* defined by‘

L} R _— x

“ N - _,....,._‘x?éo,

*

ey < -4 10

Show that k is ¥he. same function as the function g
defined n section 13 - 2. o o |
N R ' . * \
~ Given the function H defihed by .
s H(z) 2 -1, m3¢d S |

\ . -
< What real numbers are represent§d~by;

e w2 ) H(-3)



R ¢ T S O T G D I A R

A N

St L@ e

R \(g‘) . "H(a), :E‘or any. ree.l number a such that -3 < a < 3
o C (h): H(t - l) 3 for any real number ‘c auch that -2 <t < lL
\ s (:1\)~ H(t) - l, for aﬁy real mzmber & such the.t -3 < t <‘ 3 .

e ;‘. . \ ‘ S ; .
6 c'énsi&er {;he function‘ ~Q, defined‘ by\: ‘
Coa A . “1: -1 ﬁ‘xl <0, Ce :
T S \ - ‘ x, S0 K% <~2 . ‘
. \ ) ‘ ‘ \.~ . ) N N . ' N \ . N ‘ . .
P -(a)‘fwhat is the domain of. qefinition of Q -

l\s
¥

W7o 7 (). What is thzi%ense of Q ?
) ‘ - (e) \What nmnbers are’ represented by Q(-l), ‘Q(%%);“

E A - rORE N ) Q(O); Q('§) ? Q(-—) N Q(-u-) 9 e B -
Lo ‘?, . . . . s R ~. ‘ R . . | ’&
- (a) If R 18 defined by .
. ‘1\ ) . . \\ R(z) - { - \’ >
is R a dirferenégfunet‘ion \frem ;Q ? e | \ -

7. Let F be the funetion defined in problem 1. ‘What is the

4
tmth set of eaeh of ’che :f‘ollowing sentencee" )

,__,_ . . ,, (a) F(x) =____1 (c) ! F(x)= _._2_ : (e) F(x)>2

’frTYﬁwiﬁﬂiﬁf”MeKQ‘EG)eiW Ti\xﬂﬁﬁ&ygifhwiw4



| o S 5\2;»5‘\, Sy w2
‘8. Let ¢ be the function defined in problem 2. Draw the N 1
‘0 graphs of the truth sets of the following sentences N
- S (a) G(x) “\‘ s (c) 6{x) L1  -' S o ‘
(b) 6(x - 1) T (@) elxo+1) > 2 '
L h : ) .
;\‘i?“\\g. “Describe:how each of the following pairs of functions differ,
oar at all: ° e :,
% a) 2y - -2 Blr) = A
i» \ : \ X 2 o : : .
l ‘ . 2 N XN tlt - 1 ‘\ | - \\ b b ' ;".. \: \:"‘\ _\. ‘ )
() glx) =x® -1; ,6(t) =%=2 T
| 14 - 3. Grgghs of functions.*‘One way to bepresent a
1i‘unction is by meanﬁ of a graph, as we\have seen early 1n\this
chapter.\ When a. function f 1is defined, the graph of f is the -
. graph of the truth set of the equation R ‘ *
= £(x) . |

\Examgle\l Drﬁz.Fhe graph of the function f defiqed by:
" £(x) = 2::.,-1, ogx<2. |

A

\ This 13 the graph of the equation y é 2x - 1, O‘s.x <2 .

W
. ~ 37 .
N . N *
. 3 ;
£y -
\ 1 .
}' * . e ’ *
e e - — - -
e ) _ - Q/ X
| -1 L \ . :
) \\ s ) N > . . N } . v \~ N ) . N
v L ]
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- ‘fEx:—imElei" 2. Draw the graph of the func’bion , g }efined by:

o () v -

>
@

L] N v

R AL 2N

, .\ ’ . d‘

nh

Q, ‘x=0 K R . . S

1, X0 e L

2
0w
L

Il

" The graph of g is =

PR

Exercises 14 - 3a.

v

1. Draw the graphs of the functions defined as follows: -
(&) T(s) =2s+1, -l<s<2 - 7

OIS

il
Kol
.
i
g
R Vot
’ -
YAy
W

(@) V() =% -1, -2<tg1 J
. {e) h(x)-=

(£) u(z)

.

. s . . R B .



. o e o o ;
| 2. Whatiére1the‘ﬁomains of defiﬁitiohiand thﬁrraﬁges of the °.
s o functions defined in problem 1 h

: : B | . \ ‘
Co 3. Draw’ the graph ‘of the funcion q defined py o o
ST /o . S -
N . ‘ S R . \_,,'l’ _5 ( X < _.1 . ‘ s
\ ‘//i~’\:f L alx) = { = -1 < x <1, ;ﬁ L ‘\‘.\ ‘
R f“~"532,; 1<xg 2, | |

£

h}waive a rule for the definition of the functioh whose graph is -

> rthe line extending fram (~2%,2) to (4 ~-l}, 1nclud1ng
_endpoints. & ‘ . N ‘ N o ‘f
5.” Give a rule for cthe definition of the function whose graph

consists of. two line segmen 3, one. extending from (-1, l) td
| (0, ©0) with. end points, included, and the other extending rrom
*; ;\;} ‘ " (0, O) to (2, 1) with end points excluded. What are the damgﬂn
‘ of definition and range of, this function° o ‘
;a6, Draw the grapﬁ~of\a function f which satisfies 8ll of the\
Lo ; \\\following conditions over the domaln’ of definition,\-? < x < 2.~

’- f(nl) =2, L | o “fh \éﬂ‘
f(Q) =0 ; : .
o @) =0, | )
? - ) R ‘ \.“‘\‘ f(2)’ = \2 y \‘ N ‘ . ‘~ | ”‘ \
N oo T p(x) &0 for 0<x<1 . ;
‘Estimate the value of your function ab % and at -2 .
e e -Now that we. know how to draw the graph of a function, it is

natural to ask whether a given set of polnts in the plans ‘ls the

graph of some function. Draw several sets of points and then ask

) ot » . .
. ’ N * N \\
. § ;o A ‘ ; . : ) ‘
¥ . O ~ R ® \ \
. ’ - . . .
> . N v - ~ to N N » N ) N * \ ° )
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»

~ there be exactly one:ordinate\@ssigned\py*thé;runctioﬁ; Thus, for

&

mif~~7f“*11'i00nsidef the gets of po;pts,fqoor@iﬁate axes not included, .

-

\ m@nyJEOints\bn‘its‘graph have this number as absgissa? If a o !

vertl al*line is‘draWn‘thrdﬁgh th® graph 6f\q‘fun¢t16ﬁ,*in\how

RState‘the’ruie for & function in terms of its graph? = oy

ypurseif what the~deinition\of a‘fuhcpion requires of its graph:

It requires that to each abscissa in the domain of definition -
. ! . X N . s BN \ . NN .

-

' " each number a  in the domain of definition of the Ffunction, how

byl

-
sen -

" many points will the line intersect the graph? How would you

. i‘\ N
\ v Lo . -
Exenciseg\lhlf‘Bb;f . o o C o

L

W pa—e_s

B indicaﬁéd in the following figures: \ ;; . ‘\i - T
L 2} e \

. . N . N . . b. vl

D \". ‘ . N <. ‘W ‘ \\1‘ o . R N 1_

. T I Gewewaend) . . o R
1 a2t} 1 1 1 o Aead. 1 . 1 i ] i 1

Y B

o
=
N-
o
-

\abbve;figurestisithe graph of some function? .-

- . -t
a "

S : | |
. . - ‘ 15’;" -



" Give the reason for your answer 1n each case. As an

527 . -

K
‘&%‘fif*
¢
=
3
g
o
¥

illustration, consider figure {1) ...This 1s the graph of.a

. function 'r ~whose domain of definition\iS‘the;set‘of‘allf X

such that ~2 < X < 2 ’ The rule for the function can be

stated as rollows iﬂ -2 < a < 2 5 then £(a) =, where\

(a, b) is the (unique ‘) point on the graph with abscissa

. equal to ‘&

2.

h ]

~ the graph estimahe \

The accompanying figure is the graph or a function h., PFrom

Lo

~ (a)" h( 3), y(o), h(2), | \*‘ 

~(b) the;dpmain of\definition of h; - o
(c) ‘the range of h., - \y\ -
B N o | {
. xircle S 5 \
. ‘ ~"1 / ‘ -
e \\ S -4 . 1 j{ 3’ X
T 1

\‘Lét G \denote‘a set of‘goints in the plane. which is the graph

~~of some function g

‘(c) Show that 1f (a, b) and (c, d) are any two distinct

\(a) For "each x in the domain of‘gefinition of g, explain

"how to use ‘the graph t0 obtain g(x)*.

R

‘ (b)' ‘How do you obtain the domain of definition of g from . = 4

the graph of & 2
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i,

-

-

points of the S‘.EHIFG’ then a %ﬂc.\ . \ \ L

Let G be any ‘set:  of points in the plane’ with the property

that, if (a, b) and (e, d) are any two distinct points of -

. G, then a % c. Show that G is the graph of a function.

s

Draw the graph of the equation vy

2

\this\the graph of some function?\t“w\

¥

R L h‘ Lihear functions.\ A function whose graph is a .

‘"straight line (or a portion thereof) is called a i\\éar function. ?‘Q,‘
You have already worked with linear gunctions in Chaerr 11, but

- there" they were studied in the form of linear expressions. ‘Can A

7\;eacn>straight line in the plane be considered as the graph of |

-'f"some 1inear function9 How about the line whose equation is x = 29

N

Can eaeh 1inean function be represented by ‘an expression in one

V4

variable° W%?t is the general form of such an expression° (Reeall

‘Exercises ih -h o t\\\,

~\the y-form /r\the equation of a line )

3 o ’

1.

‘\:of dgfinition of f.

\(a)ﬁ‘

\kDeseribe the\graph of \f if A = 0-.and ?ﬁ = 0,

If ﬁ’ is a 1inear funetion, then there are real numbers A

and "B such that £(x) = Ax + B for every X in the domalin

o)

-(e)

(d)

]
H

Deseribe the graph of f if A =0,

\ ~

Detergine ‘A and ‘B 1f the graph of g is the line
AN

segment’Joining {-3, -o) and (1, 2), including "endpoints.

\What\is the\demain of definitlon of the function:in

part (e¢) 2

et
, -
v
—

= x, for 0 < < B, oI5



“f;if‘ \‘; (e) Determine A *and B if the eraph of * 1s. thé me

; ~\ \l‘~ o segment Joining'( -1, 1) and (3,“37‘excluding endpoints..

!&xl ": ¢ What is the slope e?d y»intercept of the graph of the :“\ ;

< . function in'part (e) ? ‘ § | ‘ | “‘,

o (g)  Wnat Is the domain defi?ifieﬁwgi”ehé‘runct;on in .
e e “\\) yiuion of the fnetd

?:, If L is the ‘completd line 1y1ng on the two points (-3, 1) *~;
‘ and (1, -1), describe the function h whose graph consists -
«@~of the pointe (x, y) of L such that ‘ ‘

I

“e~\ R 7‘1 o e L  “‘-2 <y < E\\\\\f - \\

s ;gpt f be the linear functlon defined. by

‘ b e, f(x) X - 2,‘for every real ‘number x. - .
| Which of ‘the following expressions describe a linear function |
~\(:1. e., with a straight line graph)° ; ‘~\} :~ f;j\; R - \;
\ . ‘ ’/ v - \ ‘ o,
(@ -2 - @ s o
B P ~.<-fx)'-\2‘ ; b
N . . ‘ : ) N N ~ 2~- ‘ ‘#‘ ~\~\ ‘~\
| 4, Write each expression in problem 3 as a funetion g in ¢ * \\‘ a
B | 1terme of the given runction f. Example. The expression (a)
o ‘deaqfibes a function g such that v |
SR ’;~}_ g (x) .-f(x), for every real number Xe .. - e,
mm&»iw‘ig,*»How are the‘grap 8 of f ‘and g related 1n problems‘m§ and o
: 1, parts (a) (e) ? Draw e&gﬁ,pair with reference to/a C
Y - eeparete set of coordinate axes., | - /o ‘:eklk
v ' ' :
S 167
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Lo °

| “, 6 If F and G are 11near func‘tions defined for eazery real 'x, by CEEE

AERE L P(x) = -3 +2, G(x)=2x-3 Y
SRS ;explain how the graph of the sentence % S R ¥ .

. i
N < is related to the graphs of F and G (Do this without

- ~\chc'a.win,-g the graphs of F and G.) e B .

o

. ."‘\\- . "
o lh - 5 Quadratic f.'unctions. We described a linear °

M.

U function in t@rms of a l:l.near expression i‘n one variable_, i. e., ‘
1‘\ oo any linear funct:lon f can Be defined by - \__\ : J I
| \ \r(x) = AX +B,- - - o L

? o e

. ° )‘%
¥

’whe‘re A, B aré ?eal AumMbers.. \It is né.tural to defin'é‘ ‘a;

SRR ‘quadratic function as one which is expressed in terms of a e SR

qua(irat:lc polynomial 1n one variable ’ o S a

- - n ¥, . = : ) Axa

+Bx + c, | |
'where TA, B,' c are real numbers. If A = 0, the quadratic s

\polynomial is reduced ’co the linear case;. hence, we shall assume *

o throughout the remainder of this chapter .that A £ 0.

"’ . \'

;r:_x___p_;gl ‘Define the function g by: o o~ T .

glx) = ﬁg\“ 3x + 1, for every real number 8

| Then \", \. . B N . « o . |

4

Cgft) = 26223t + 1, g(at) j=‘2(2t')2‘-\3(2t‘) + 1

£ %
$ g(t-l) 2(t-l)2-3(t-1)+1=2t2«- 7‘c\+6

| ‘ . _ ,181 ‘ N s* |
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o Alsc, since g(x) = (22;— 1)C§ ~‘1);“~it follows that
. e

~g(-§0=éfQ and g(l) (Whv°)

‘l

‘Notice that . T ;g‘ I

e;( 1 -21 y

whereas ‘ﬁ \ :

! : 2
. N .

4. . Lo .

i

] “‘-\ ﬂ\. \.\ ‘ ‘Q‘ . ‘ i .
|2(=2)% < 3(-2) + I =15. . 7

* N »

- Exercises 14 - Sa.y. | SN
1. ‘Let f be the quadraﬁ;c‘fqpation\defined by':
| ‘f(x);= x?
Sy -

- and g the. quadratic function defined bysv-
I L mg(x) - 2,’ ;3 < ¥ < 3 .

(a}ﬂ Determine f(-E):‘ f(*'*): f(O):‘ f(ﬁQ: f(3)3L 

- 3% - 21,\for every real numben X,

e

b

C f(a),» f(§J, f(a + l), where a 1s any real number .

>

R (b*) Determine g(-e>,3 »<--~),, (o), 5(3)%

o g(?t - 1), -1 < t < 2. .

) . o N . ~
: ’ : : B >

"
o
’/.:’

_,;y f (c) TFind the truth set of the sgntence \"f(x)
;ﬂ_i o \!(d) Draﬁ‘thé\gragh of‘ﬁhewseétenééi\”f(k)yi\b.n"
;}w i . - (e) ‘Qétérmine {f(i) + g(%);\j53 <t< é:"?.~
| \\f(f) Déterminexfor‘ﬁhé feal\hﬁmbér &y

A e i e s s e e s s er remR L e saamaean e e v o amaw aee s s s NN . e o o e mae [ NN PN “~ NN . e e

C(a) 4 3, f(a +3), 3f(a), £(3a) .

2]-21% - 3l-2] +1 =3, o e

13



- . 532, |
. '.‘(g)\ Are’all thé resulting polynomiais in part (f) -
. quadratic polynomials in" a 2 - . f
~ . ;!'
(h) Determine f(t)g(t), -3 < b < 3
(1) Is“the~resu1ting polynomial 1n (e) ‘quadratio“'"““““”“ i
. polynomial in t 9 How about the resulting polynomial
) in (n) o - | Lo
- ~ ot
2‘ Describe the functions involved in th following problems. .
- o State the domains of defini ion, and sylve. the problems.
] N
‘ ‘(a) What. is the- area A of triangle £ the %ength of - - S
the base is_ b 1nches a d the altit de 1s 10 1nchesﬁa ; ;
. 1onger ‘than the ase? . e |
. {b) What is the produot P of two positive n iers if the .
- T s
f larger plus twice the smaller, © 8, 1s~120 ? " -
: (c) “120 feet of wire 13 o' be used to build a rectangular
" pen along ‘the wall of a large barn, the wall of tﬁ%
: jfbarn forming one side of the pen. If L 1s the length
3 \ of the side of the pen parallel to the wall . of the
barn,\find bhe area A_ of the R
o3 Draw the gragh: of the quadratic :f'unc’c £ defined by: |
(a) f(x)#xe_-rx‘- 1, -3 <x g2 & ‘
© o (b) ffx) =ax® -3, 2<x<2 :
U . ] o \ B Ty
_ o (e) f£x) = =x® +1, -2<x<3 . I
A N " ‘\ ] ‘ \; . .
\,‘ / M ; " i F
, 183

* . N . A e
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‘.-

" refer to Figure 1 and the

: 5, For any real'number} x,‘\

(--:*c)a TR

In. prgblama_ 4 thrgugh 8

Al 4

graph of y = xa; and also

refer to Section 11 - 6
N “.‘ ’ \

R e {; o
o \ S ' R ! ! - O \ - Figul?e 1.\

2

¥, . For any real number X, X < O' (Why°) hlSO:

AR 4

4

>

single ‘point - (0, O) \{‘;

¥
\'*\ﬁﬁ

LI (g, b) s a point on- the graph of y

\_gthat (-a, b) is also on the graphs. (This means thpt
| :the port}on of the graph 1n Quadrant T can be ohtained by

ﬁrotating the portion in. Quadrant I about the y-axis.‘0We;\

X2, provei\

?

X

f‘if and only if X = O.\ Explain why the graph of y

=0

2 .

\~:;1es entirely above the xnaxis "and touches tya'x-axis at a .

. say that “the graph of y = xe“ is ;gmmetric dbout the ‘\1

AJ

Cyexts)) T

- .

N
J
BENE
S
1\

- N
-

\;'6]~:;$f: x 13 any real number such that 0 < X < 1, then

X < x. (Whyv) Show that the portion of the graph of

.

. |
R ¥ = xg, for .0 < X < 1, 1ies below the gréﬁh of y = x. \



b N H~,”Q§jm.“ L
T T ' s
f}; v ; c;*f‘T.f\fj,“ L e
- oo 7. If .1 < x, then . | \ ‘
- = — cwﬁwﬂ45W;“2m¥2w;m\(Ways)c ‘ ;
. N | Show thdt the‘p rtion of the graph of y 2, tcr 1 <~x,~

c;“‘ .‘lies ghgxglthe line y = x.‘~ | . ‘; B

' S;; If a and b areareal numbers such that 0<a < b,‘ th;%;::ylxi
e a <b"’" (my?). L
3;“:“*ﬂi~~\,”~ Show that the graph of y %2 ris§c~ctc;d§l& as\we\m9§e‘
o “ . %o the > right from 0. \,' R T

\9. \‘Show that a horizontal line will intersect the graph of
S Sy = %% in at most two points. . L S éi\
B N N ~ N S ‘
e 10; ‘@hoose any point '(a, 2) on the graph of " y.= 2 | What'
ot o8 the slope of the ‘line from (O, o) ‘through (a, 2) ?
. f; ‘ _— As we choose points of‘%haegraph close to the origin °o

(a close £0 O) what happens to the“slope of this linevc'

N;»'  - Can you explain why the graph of y = 2 ~1s flat near
o ckxf%‘~ the orig1n° | 1 L ‘ | C
f'~ i;~“‘ ‘ ff Problems B through 10 Just&fm&the graph of y ?f
k‘; | ~i ‘;“*\ drawn in Figure 1.‘ This graph is an example of a Earc?olar
o ’ The point (0, 0) is called its vertex, and ‘the line
i{,]oiig Cx 0 18 called its axis.’ T‘ | Coe
' :l . ©With %our knowledge of the graph of y = xg,‘ wé‘can‘
. f:‘?\‘\‘ o fobtain graphs of other quadratic functions.‘ This was doneL\
. S

in Section 11 - 6 for particular quadratic functions. Let

e . ‘
> us verify these expensions of the graph of ,y 2 to the

i ® . i ‘
\ ’ - .graphs ofi y~= AX~%7'BX +C for real num.bcrs~ A, B, C,
. whére A A0 Nl oo T
- :‘ 2 ‘
3 Y
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-~ Exeroises I = ST
p——— T

e Y oa
N

f,‘.;g‘~l,1.‘~ Describe how the graph of, -
SRR ‘fi‘;\~“y g‘éxa" differs from the

1‘gra§hl6f "y = x°" in eapp |

A

‘Qf the’ following cases'

NEE (‘b) a > 1 o L
:®)~1<a<p " ‘{;
@ oemca T

“: ;‘ ) (sl\ilal very large.

R (Refer to, Figure 2. )

R

2+ Describe how the graph Qf
y = x2 4k differs from
22 an

e  “the graph of vy =x°
0 ;\‘ ‘each of the fcllowing cases.\;

*
\ .

QQ?A§~ w)k>0’“\“ .
(b) X <0

-‘f(a) 0gac< 1 I RO

“

(Rerer to Figure 3 D)
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2

fi3;1\ Describe how ths graph of. y (x - h)2 dirTers from the »

e graph of v = x° in the cases: |
(&) n>o0, 7 {v) n<o,

:(Refer to Figure X)) N | |

.

o —

\Figure u'\ o ;.:\a » e . :;4

“ﬁsing\¥he‘results of problems.l to 3,‘descrihé without draw- '
\ ing thelr graphs the appearansés of the following parabolas.\
S (a) y~~ (x + 1) (e) vy =2(x - 2) s
-u t 2\ ‘ R 2
<\(b> y =it TS y=(x+1> 1

f\.& (c) y=x"-3 TN (@) y=2(x- 1)2
.. ® o - S f
Tev (d) v ?_‘(x‘- 1)2‘,- e o)y -2(x\+ 1)2 -1

RN ~ e : ; ‘ -

A

5. If a, hy, k are real numbers, discuss how the graph of
8

"

vy = (x - h)3 + k can be obtained from the graph of.

“*f““‘ X Ly = axas “What is the vertex of the parabola
L y = a(; - h)2 +ko What is the equation of the axis of

‘ this parabola° SR S ~
R S

Yo

4 4
b~
W
~#
g




s P oms

B. ‘Whai 1s an equation of a\pérabéla\Whose;vértex;is (-1, 1)

-

~ . fulfill these conditlons?

 y\= a(x - h)2 + k Thus, we have a method for drawing quickiy\ .

 and whose axis is the line y = 1 ? How many parabolas |

. \ - R . R ‘ . R R . \ "

14 - 6. The g}aph of y = Axgi# Bx'+ ¢c. In Section

11 - - 6 we learned how to write a.quadratic polynomial \
Axa + Bx +C in the form a(x - h)° +k . We called this latter
fonm the@standard form of the polynomial In the preceding

sectlon we 1earned how to draw the graph of thé\equation~
. T e

the graph Qf any quadratic function. S e
Example 1.\~Draw the graph of the funétioh: f defined by:

-

£lx) < -3° + 6x - 1.

By cbmpleting.th%;square, we obtain: .

43x2'+}6x -1ls= -3(x2-2x +.1)"“ 1+ 3\= -3(x ?\1)2\+\2 . N -
The‘grapp o;% "y = -3(x ~ 1)2 + 2“~ iﬁ'dbtained fram the graph
\ NS . )
of "y = ~3x%"  as 1nd;cated

-

\: .

S

K

s



w-6" 538
e
To verify that the process of moving the\graph‘of

"y = —Bx to the right 1 unit and upward 2 units will \

Cactually yield the graph of "y —~-3(x - 1)2'+ 2, let us argue ‘ .

"as~follows. Suppose that (a, b) are “the coordinates of a point

1 N

~on the graph of the equation
= ‘
‘ ‘ y = ~3(x - l)2 + 2.

-

-

~9‘Then tnese coordinates must satisfy the equation, i e.,

© ’ A * S ;= ?3(6. - 1)2 + 2 ¢
is a true‘séﬁtence, But then . | o
Y b2 =-3a - 1)2 — g

is also a true sentence. This final sentence asserts that the
o

point with coordinates (a -1, b - 2) 1s on the graph of |
‘ 3x2" .' But what are the relative positions qr the points '
\(a - l, b - 2)- and (a, b) ? From (a -1, b - - a) we must move
. 1_unit to the right and 2 ‘units upwazd 0, arrive at - e, b)
.\ That is precisely what we did to gxggz_point on the graph of L .

n

y :~~3x to arrive at a point ‘on the graph of

ﬂy - "3(X - 1)2 2n ?\\ . iﬁ .\ | T\ ‘ 5j  \\ ‘~5,

)

By completgng square% we changed\aeveral qugaratic
‘ \polynomials to the standard fonm.~ How do we know that every
. quadratic polynomial can be put into the standaré forms Let us

s R 1ook at the problem 1n a different way. Glven the polynamial
L 2xfehx + 1, let us £ind nwnbers a, h, X (if possible)

\E ‘ s »

o such that

~§‘ . "\‘ a(x - h)2 + k = -2x -ux +.1, for every real rdumtfer x.

. s
-

- PN F e i



&

" a‘xg - éahx“-‘r (ah2 + k) = -‘2x2‘- 4x + 1, for eve

_ Exam Ele 2. Write the standard form of the polynomial

Now we see at a glance that we must find a, h, k , so that

L a = =2, —2ah~.. -4, and (ah + k) . Why? But if a = -2,
: then the sentence "_2ah = -4" s equivalent to "h = -4", 1le

to "h'= -1". Also, if a = -2 and h = -1, then "ah®

' By simplifying the left side, we write =~ ® SN

+k = 1"

is equivaleht‘ to "2 + k = 1", \i.e.,‘ to "k = 3", With a =-2,

h =-1, and k = 3, we have
2
)

k]

;-2(:3{4 1)° + 3 = -2x% _hx + 1, for every real nmnber X .

ﬁ‘l‘his method wlll work for any quadratic polynomial

Let us t»y another example.§ IR

x-7x+5

-

We wish to determine real numbers a, h, k such that™

v

a(x - h)2 + k = qu -Tx + 5,  for. every real number X,

1. €., such ‘that - ‘
2 -Eahx + (a.h2 + k) _&2“ = + 5, for every real X o

do this we must find a, h, k such tha’c

a = 3, -?_fah =\--7\, a.h2+k’=5.

Now, if a = 3, then "-2ah =--T" gis equ:lvalentf to "h = Z" .
Why? If a =3 and h = :67-, then "ali”+ k = 5 s equivalen’c
to "k = 42", Why? With a =3, h =% and k= i;, we have
the s‘candard form: L s

\‘ 33{2 - 7x + 5 ( - 1) + 9-‘-3:-, for every realw ‘:x‘"j‘

o s . 6 de > e ~ ™
+ \ ‘
¥ J 'l ?9 \ ’ ]i/

&

P e
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‘E\xeroiseg 4 - 6. »‘ oy

Mg Write g@g standard form and draw the graph of each of the

bl following quadrat 0 polynomials.

§ (a)$ % -~ 6x + 10 . a (a) X% -’ X + %-‘
S % iae L (o) W hox + o
H(c‘) f»c2 -3 () 522 - ax + &3

- 2, For each quédratic polynomial of problem 1, find the points

b

- (1f any) where the graph crosses the x-axis.
. ,;\ . . . N

~N

R}

3. ‘Prove éhe theorem. Given any quadratic golynomial

nga + Bx + C, there exist real numbers a, h, k such that

(x - h)2 * k = Ax2 -+ Bx»+ C, for every real gnmber X .
N
The numbers a, h, kX are related Yo the nu

v

by the true) sentences

; _ _ _B. . _haC - B ¥
-, : ! )
-
* ~ *’ - 7, Solutions of guadratic equations. Consider

the thre\\quadratio polynomials. ° |

xg + 2% - 3, \xz + 2X + 1, x? + 2X +°3,

- and their graphs shown in Figure 5.
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r\Figuré 5.

iNotice that the graph of ¥y = x2 + 2X - 3 crosses the

2

%‘x-axis in two Points, the’ graph of y =X+ 2x + 1 touches the

2"

" X=-aXxis- in a singie point; and the graph of y=x + 2X + 3 does\\

\not intersect the xwaxig at all! What is the ordinate of any

)

point on- the x-axis°‘ Another way. of describing the intersections

of these.graphs~with the x-axis is.; The truth s?t of

L P eex -3 #;o { 3, 1} .

of x° +-3x + 1';‘0 | 18 -1}

of ‘x%° + éx + 3 =0 1is ‘¢~.\.
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1.e. » as the difference of two squax'es. Hence, we me.y factor

‘ ﬂ! 4 2% - 1. oyer the real numbers:

ce iff (x +g1)’¢’~ (\/“)2.,

S ‘\.".

2 -

A4

| :x2 +, 23;'\-1 ((x + 1) + f)((x + 1) —ﬁ) \ o -
) | . ‘ Y v

(‘Verify this by multiplying the I‘ac%rs ) Then
; _Jg\.‘+2x-l O,
(x+l+'\/_)(x+l-\/§) ‘
X+ 1+ \/ﬁ. O or x + l -'\/5'# 0 ;

= -1 - 2 or X = =1 +'vf~

N . ‘\\ ‘
\\lu‘“.T ‘\_ ‘,\ ij:f - 5n2‘ R
~Frr-general, since the graph of R ﬁ‘ EER— ?
y = Ax o+ BX + C : v,
: is always a parabola (if ‘A 5£ 0), i’c seems evident that the truth SRR |
|
set ef the quadra’cic equation \
. \AX + BX + C =0 .
- will ‘consist ~of" two, one, or no real numbers according as the R
\ ‘3 A
parabola intersects s touches s Or doee\not“ intersect "che x-axis. L 3
| We have already learned how to solve a quadratic
equa’cion whose left side can be fe.ctored over the integers. | Now .
consider the quadratic polynomial T -
‘ x2 + 2x - l\
We know tha;b 1t ca,nnot be factored over the 1ntegers. (Why?)
But‘?”b can be written as . L R ;o ‘!
.“' \.I\XE-PEX-:L (x-*—:l.)2 . i
W



@§\.1 ‘ic A ﬁ e }

are all equivalent\equations,\andhthe truth set of

- for findiﬁg the solutiens. We have’ ehown that any- quadratic

@

- real solution 1 k=0,

j;If k ( o, is there a real number wose sqdare is‘\(—k ?
\ | A
-We factor the difference of two squares? Your resul

Cx° 4+ 2x\- 1= Q is {-1 -2, —1 1;\/2‘} -
. ‘ ‘ Fres
This example suggests a general procedure for determins
ing whether a quadratic equation has real solutions, and, if so,f‘
equation . ‘\‘ o S i! v N s
‘ . . \Qs AX* +Bx +C =0 -

\
AN

A cem\be\written7in standard form . " . . oo

a(x - h) + k = 0. | 7

NEE N

\Let hé assume that a s positive.‘ Otherwise, we may multiply m{w e
~both sides by (nl) The case in which k is a,positive numbey
can be disposed‘of quickly, because we have legrned that the
Cgraph of a(x - h)2 + k -lies entirely above the x-axis if a
“and k are poeitive. Then it cannot cross the x—axis. Hence,

 there. are no real solutions of the equation if k > 0 .

If k = 0,~ we saw that the graph of a(x - h)2
touehes ‘the x-axis at the point (h, O) Hence, there is- one 2 !g

C N

This 1eaves the case in which k. is a negative number.:

A}

3
N a ‘ .

o

‘Now we may write : S - . o T ‘i\

A ]

a(x - h) k= a(x - n)? - (k) ..

'\ ’)‘



"§' o factored ovér the real numbers, and the equation has two real

¥ \ - S : w‘ ; \ "

R solutions. : | ‘ | _ | D
~ \ " ~ A I

f\)‘\\Examplé‘l,; Factor (a) 2x°

“\

+3 -1, (b) x°

1l

+3x + b4,
“(a) 2x® ¢ 3 -1 = 2(x 4;-3-)»2 - & 7 (Verify this.)

~

H

,{’ \‘ - \ . 2 (.X, + “) 1 l =

\\ Y . R \ ’ o ) 3

el
‘:  ? R --) ( e ))
T | -

R T - T VAT
S T 2X*§+ x*ﬁf"?ﬁw

i

Lyt
> .
\Q&.}

(v) - %2 + 3:4;‘4-~ 4 o= (x+-§)2+-’£~ o (Ve: ii‘y this.)
- \ . ‘ 3 - P ; . . o X
SRR ' Heve k is agpositive numbe:e, and we canno factor this .

"sum of ’cmo squa.res over the real numbers. . In fact, x2 + 3x + I

o ca.n never assume the value O for any real number X, because
\xe + 3x + lt 1s the sum of a non-negat:rve number (x + --) ‘and
‘a p@sitive number -Z-. | | “

g Examgle 3. Solve the equation x - 3x

The equations x~-”3x2 +7 =0, :

2\.-){“’7:0.’

| ‘ \1 2\ 85 ] . o .
| Wy mwmos Gwo
J : 12 8 ) -
. (x - ) ‘_3.2_._.. 04,
SR, -
’ %“""M.‘,h \ . 5
R . . . B
S )
\\ \ ~\ 1:!) ~
. TS
T~ .
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mﬁ
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L")

1 \/82
L \ . 6

x.-%,-r\ or x-%-»\_

o

= Oy

e
”
<
1 4
&
3

sl are all eqniﬁalenx. \Henﬁez\thefpruthfset‘°f | a<1: .

SR X - 3x° 4+ 7 =041s

ﬂ:‘.xercises - 7. .
e

l*. Factor 't:he following quadratic polynomials ove 5 the real '

e

'numbers, if possible' .

\\ . B R R . .o ~ o . )
N » . . N R n

\(b) §6x cx-12¢ . g) 1- P

R (c)\—x‘+hx+6‘ - (h) 7;;2 u\.lll‘x‘.;;?_é\ |

ARSI <(\¢ | - . . L
R PR \ 2 - - 11 - Lo e
(d) hy +E’Y+)I A O R A N A
K (e) x° 4 7:x + 11L () %+ (3 +p)x+ a‘o,~ % and b

f 'fj ‘ - R any realnumbersa

-

- So;ve the following quadratic squations: R

B a2 o SRR TR VU DI
. (a 4 =0 ‘ g) =t 4mt+==0- -+ + |
- (@) =0 e gtegteg-0
o) bex-mfo0 (0 APesmizoo o
cofe) rexewiao () mey-gLo

A

B

(@) 82 - é»-’—-=\0 - (h)~ I =T

»
N




. v . toe ) N X . : : . R
N PN R R . \ . N ~ . R N
“ ) B . a K] N . ) N N . ° N R .
e \1)4 ...‘.7 : . . 546 :
. » .= . o - . . R . . e
& . ) N N N T A N
W . LN N . Coow Al
__!\‘ N N N L - + N
“ \’: . N ..
R S o N N

IR . 3. Consider the quadratic polynomial 1n standard form, N F\\g~f
| a(x - h)2 \ ~ h, k are real numbers and . »ff%
A !‘ a = g . . .
(a) ,State a rule for deciding whether or not the polyndmial
T, \can be factored over the real humbers. T j
. (b) If 3¢; hv k are integers, what conditions on’ these - \,. ;
S o ns -
‘numﬂ%rs guarantee that the" polynamial can be factored o
IR  over the 1ntegers. R :
; “(e) State a rule for‘deciding whether the truth set of |
- 2 ‘
a(x - h) +k =0 .
. contains two, one, or no real numbgrs. :
- - h;fk Translaté the following‘into open éentences ‘and solve" o
(a) The perimeter of a restangle is .12 inches and its
‘ \area is T square :1.n<=h<->sz.’~ What 1s the 1ength X of
\ 3 ~~
- A S A 7 longer side° C ‘
| (b) ongus®e of a right triangle is % inches and this
ST sie\ is 1 -inch 1ongez- than the second side and 2
b L :\  “inches shorter than the hypotenuse. Whgg 18 the '
length x? o
(c) The sum of two numbers 1s 5 and thelr product is 9.
. What are the numbers? | |
—— b R . . N
Fi
N ‘ ) \
» o
v Iy
. L7y
- B \
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'\i @‘5 ‘C‘Ems 1d‘e.\ri*b~he generai~ quéq?a?h POlyn%miaF A
.Show that N

‘ ‘ 4a% |
; (339\\ moblem 3 i;n Exercises %13 - 50) o .

(a) Ax® + Bx + C A(x + ?5)

‘ :) : ) R \\ N B ~ ~.~ N . ‘ | . . |
(b) 1r B% - lmc < 0, then Ax® 4 Bx+ C
o RN

{

O has no solution.

3 . . N »

-

- (.c)~“.1f B - !LAC = b,'then'%.a + BX »+\c
N N ‘ '

0 has one _s"dlution‘,
. oo e

-

x\='-'gx.

N\ (@) I£-BP)- BAC > O, then Ax° '+ Bx + G =0 ha.;%‘wo solutions’

3 N -

oo \\ - \. .

B + 7«‘\/13\2 %A\ B - VB2 - hac -
T oA |

x = x = S "AH .

. A )
L 4

- (This latter: sentenc\ is called the guadratic formula

) for finding the sollgions o:t‘ the quadratic equation ) | .

N

.~ - )
- ~ \ . P

-




